A Study of Variable Thrust, Variable I,
Trajectories for Solar System Exploration

A Thesis
Preserted to
The Academic Faculty

by
Tadashi Sakai

In Partial Ful llmen t
of the Requiremens for the Degree
Doctor of Philosophy

School of AerospaceEngineering
Georgia Institute of Tecnology
October 2004



A Study of Variable Thrust, Variable I,
Trajectories for Solar System Exploration

Approved by:
John R. Olds, Advisor Amy R. Pritc hett
Robert D. Braun David W. Way

Eric N. Johnson

Date Approved




To Naomi



ACKNO WLEDGEMENTS

There are many people whom | would like to thank. First, | would like to expressmy
sinceregratitude and thanks to my graduate advisor Dr. John Olds. It hasbeena privilege
to work with you. Without your guidance, wisdom, encouragemety and patience, this
resear® would have not beenpossible.

| would also like to thank the other members of my committee, Dr. Robert Braun, Dr.
Eric Johnson,Dr. Amy Pritc hett, and Dr. David Way. Your advice and insight has proved
invaluable. | would alsolike to thank Dr. Panagiotis Tsiotras for his advice.

Thank you alsoto my friends and coworkersin the SpaceSystemsDesignLab. | really
had a great time working with you. Especially | would like to thank Tim Kokan, David
Young, Jimmy Young, and Kristina Alemany for their proofreading of this thesis. Reading
and correcting my English must have beentough work. Other than the members of SSDL,
Yoko Watanabe's knowledge and commerts were really helpful. | hope their researt will
be fruitful and successful.

I would like to thank my family in Japan. My father Toshio, mother Takae, elder brother
Hiroshi, and younger sister Maki; they have all supported me somuch. | cannot thank you
enough.

Finally, 1 must thank my wife, Naomi, who has provided endlessencouragemet and
support during the most di cult times of my work. Having you in my life to share my

dreamsand experiencesmakesthem all the more special.



TABLE OF CONTENTS

DEDICA TION iii
ACKNO WLEDGEMENTS iv
LIST OF TABLES iX
LIST OF FIGURES Xi
LIST OF SYMBOLS OR ABBREVIA TIONS XVi
SUMMAR Y XViii
I INTR ODUCTION 1
1.1 Problems of Variable Thrust, Variable | sp Trajectory Optimization 1
1.2 Motivation for Researtr . . . . . . . .. ... 3
1.3 Researt Goalsand Objectives. . . . . .. .. .. ... ... ........ 5
1.4 Approach . . . . . . . 6
1.5 Organizationofthe Thesis . . . . . . . .. .. .. .. ... ... ...... 7

Il A BRIEF DESCRIPTION OF LOW THR UST TRAJECTOR Y OPTI-
MIZA TION 9
2.1 Trajectory Optimization in General . . . . . ... ... ... ........ 9
2.2 Solution Methods for Optimization Problems. . . . ... ... ... .... 9
2.3 Indirect Methods { Calculus of Variations . .. ... ... ......... 11
2.3.1 Problemswithout Terminal Constraints, Fixed Terminal Time . . . 11
2.3.2 SomeState Variables Speci ed at a Fixed Terminal Time . . . .. 12
2.3.3 Inequality Constraints on the Control Variables . . . . . ... ... 15
2.3.4 Bang-o-bang Control . . .. ... ... ... .. .. .. .. ..., 15
2.4 Literature Review . . . . . . . . . .. 17
11 EXHA UST-MODULA TED PLASMA PR OPULSION SYSTEMS 21
3.1 OVEIVIEW . . . . o 21
3.2 Mechanism. . . . . . . .. . 23
3.3 Choosingthe Power Level . .. ... ... ... .. .. ... ... . ..., 26



IV PRELIMINAR Y STUD Y: COMP ARISON OF HIGH THR UST, CON-

VI

STANT Igp, AND VARIABLE Isp WITH SIMPLE TRAJECTORIES 29
4.1 Problem Formulation . . . . . . . . . . . . 29

4.2 Results . . . . . . e 32

INTERPLANET ARY TRAJECTOR Y OPTIMIZA TION PROBLEMS 38

5.1 ASSUMPLIONS . . . . . . o o 38
5.2 Equations of Motion for Low Thrust Trajectories . . .. ... ... .. .. 43
521 VSI{NoConstraintsonlgp . .. ... ................ 43
5.2.2 VSI{ Inequality Constraintsonlsy . . . ... ... ... ...... 44
5.2.3 CSI{ ContinuousThrust . . . . . ... . ... ... ......... 45
5.24 CSI{ Bang-O-Bang Control . ... .. ............... 46

5.3 Solving the High Thrust Trajectory . . . . . ... ... ... ... ..... a7
5.4 Problemswith Swing-by . .. ... ... ... .. .. .. .. .. .. ..., 50
541 Mechanism. . . . . . . . . . 50
5.4.2 Equationsof Motion . .. ... ... ... ... ... ... ..., 51
543 PoweredSwing-by . . . . . ... 55
DEVELOPMENT  OF THE APPLICA TION \SAMURAI" 57
6.1 OVEIVIEW . . . . . . 57
6.1.1 Capabilities . . . . . . ... ... 57
6.1.2 Performancelndex for Each Engine . . . . ... ... ... ..... 60

6.2 C++ CIasSes. . . . . . o v e 61
6.3 Flow and Schemes. . . . . . . . ... 65
6.3.1 SAMURAI Flowchart . . . . ... ... ... ... .......... 65
6.3.2 VSIConstrainedlsp . . ... ... ... ............... 67
6.3.3 CSlContinuousThrust . . . . . ... ... ... ... ........ 68
6.34 CSIBang-O-Bang .. ... ... .. .. .. . .. ... . ... ... 68

6.4 Examplesof Input and Qutput . . . . . ... ... ... ... ....... 70
6.5 Validation and Verication . . ... ... ... ... . ... ... . ..., 75
6.5.1 Validation of High Thrust with IPREP . . . . . .. ... ... ... 75
6.5.2 Validation of CSI with ChelyTOP . . . . ... ... ... ..... 75

Vi



VI | PRELIMINAR Y RESUL TS: PROOF OF CONCEPT 80

7.1 Problem Description . . . . . . ... .. 80
7.2 Numerical ACCUraCy . . . . . . . v v i i e 82
7.3 Resultsand Discussion . . . . . . ... ... 84
7.4 Relationship among Fuel Consumption, Jet Power, and Travel Distance. . 93
VI 1 INUMERICAL EXAMPLES: \REAL WORLD" PROBLEMS 100
8.1 Sciertic Missionto Vernus . . . . . . . ... ... . 101
8.1.1 VerusExploration . .. .. ... ... ... .. ... ... 101
8.1.2 Problem Description . . . . ... .. ... .. .. .. e 101
8.1.3 Results. . . . . . . 101

8.2 Human Missionto Mars: Round Trip . . . . .. .. ... ... ....... 109
8.2.1 Mars Exploration . . . . . ... ... ... 109
8.2.2 Problem Description . . . . ... .. .. ... .. ... e 110
823 Results. . . . . . 110

8.3 JIMO: Jupiter Icy MoonsOrbiter . . . . .. .. ... ... ... .. ..., 121
8.3.1 JIMO OVEIVIEW . . . . . o o it 121
8.3.2 Problem Description . . . .. .. .. .. ... .. ... 122
833 Results. . . . ... 122

8.4 Uranusandbeyond . ... ... ... ... .. .. .. ... 127
8.5 Swing-by Trajectorieswith Mars. . . . . ... ... ... ... ....... 129
IX CONCLUSIONS AND RECOMMENDED FUTURE W ORK 138
9.1 Conclusionsand Obsenations . . . . . . . . ... ... ... ... 139
9.2 Researth Accomplishmerts . . . . ... ... ... .. . ... .. 141
9.3 RecommendedFuture Work . . . . . .. ... ... . 142

APPENDIX A | ADDITIONAL RESUL TS FROM PRELIMINAR Y STUD Y 144

APPENDIX B | EQUA TIONS USED IN THE CODE 155
APPENDIX C | NUMERICAL TECHNIQUES 159
APPENDIX D | \SAMURAI" CODE MANUAL 177
REFERENCES 180

Vii



VIT A 186

viii



© 00 N oo o0 b~ W N P

=
o

11

12

13

14

15

16

17

18

19
20
21
22
23
24

LIST OF TABLES

Examples of SpacecraftPropulsion Systems[4][42 . .. .. ... ... ... 1
Trip Time Savings(Comparisonby Distance): (VSI - CSI)/CSI 100(%) . 37
Trip Time Savings(Comparisonby Initial Mass): (VSI - CSI)/CSI 100 (%) 37

Orbital Data[37]. . . . . . . . o e 81
Transfer Orbit to Vernus with 10MW Jet Power. . . . . . . . . . . ... ... 85
Transfer Orbit to Saturn with 30MW Jet Power. . . . . .. ... ... ... 86
Time Until SpacecraftMass(mg = 100MT) BecomesZero (in TU Sun). . . 86
Fuel Consumption for VSI typell and CSltypel (kg). . . . . . ... .. .. 89
Earth { Mars Round Trip Fuel Consumption for VSI typel . .. ... ... 110
Earth { Mars Round Trip Fuel Consumption . . .. ... ... ....... 114
Comparisonof High Thrust V for Earth { Jupiter: With and Without Mars

SWINg-y . . . . e e 130
Comparisonof High Thrust V for Earth { Saturn: With and Without Mars

SWINg-y . . . . e e 130
Comparisonof Fuel Consumption for VSI type l: from Earth to Jupiter With

and Without Mars Swing-by . . . . . . . . . . . ... ... oo 133
Comparison of Fuel Consumption for VSI type I: from Earth to Saturn With

and Without Mars Swing-by . . . . . .. . . . . ... .. . oo 133
Comparison of Fuel Consumption for VSI type Il: from Earth to Jupiter

With and Without Mars Swing-by . . . . . ... ... .. ... ....... 135
Comparisonof Fuel Consumption for VSI typell: from Earth to Saturn With

and Without Mars Swing-by . . . . . . . ... ... . ... . 135
Comparisonof Fuel Consumption for CSl typell: from Earth to Jupiter With

and Without Mars Swing-by . . . . . . . . . . ... ... 136
Comparisonof Fuel Consumption for CSl typell: from Earth to Saturn With

and Without Mars Swing-by . . . . . . . . . .. ... .. 136
Transfer Orbit to Venus with 20MW Jet Power. . . . . . . . . . . . ... .. 144
Transfer Orbit to Venus with 30MW Jet Power. . . . . . . . ... .. .... 145
Transfer Orbit to Mars with 10MW Jet Power. . . . . . . . ... ... ... 146
Transfer Orbit to Mars with 20MW Jet Power. . . . . . . . . ... ... .. 147
Transfer Orbit to Mars with 30MW Jet Power. . . . . ... ... ... ... 148
Transfer Orbit to Asteroids with 10MW Jet Power. . . . . . . . . . . . ... 149



25
26
27
28
29
30
31

Transfer Orbit
Transfer Orbit
Transfer Orbit
Transfer Orbit
Transfer Orbit
Transfer Orbit

Transfer Orbit

to Asteroids with 20MW Jet Power. . . . . . . . . . . .. .. 150

to Asteroids with 30MW Jet Power. . . . . . .. .. ... .. 151
to Jupiter with 10MW Jet Power. . . . . . . ... ... ... 152
to Jupiter with 20MW Jet Power. . . . . . . ... ... ... 152
to Jupiter with 30MW Jet Power. . . . . . ... ... .. .. 153
to Saturn with 10MW Jet Power. . . . . .. ... ... ... 153
to Saturn with 20MW Jet Power. . . . . . .. ... ... .. 154



© 00 N oo o0 b~ W N P

=
o

11
12
13

14
15
16
17
18
19
20
21

22
23
24
25
26
27

LIST OF FIGURES

Future Interplanetary Flight with VASIMR[5]. . .. .. ... ... ... ..
Transfer Trajectory from Earth to Mars with Thrust Direction. . . . . . ..
Bang-o -bang Control: Choosing Control to Minimize ¢. . .. .. .. ...
VX-10 Experiment at JohnsonSpaceCenter[45]. . . ... ... ... ....
Synoptic View of the VASIMR Engine[22].. . . . . . ... ... ... ....
Power Partitioning and Relationship betweenThrust and Isp. . . . . . . . .
Thrust vs. Mass Flow Rate for aCSI Engine. . . . . ... ... ... ....
Thrust vs. MassFlow Rate foraVSI Engine. . . . ... ... ........
Thrust vs. Mass Flow Rate for a VSI Engine with Limitations. . . . .. ..
Trajectories for Preliminary Study. . . . . ... ... ... ... .......
Preliminary Study: Isp for VSIandCSI. . . ... ... ... .........
Results: R = 100DU, mg = 20 MT, Py = 500kW. . .. ... .. ... ..

I'sp histories for VSI and CSI when CSl I g is 3,000sec: R = 100DU, m0 =
20MT, Py = BOOKW. . . . . . e

Results: R = 500DU, mg = 20MT, P; = 500kW. . ... ... ... ...
ResultsR = 1,000DU, mg = 20MT, P; = 500kW. . ... ... ... ...
Results: R = 100DU, mg = 5MT, P; = 500kwW. . . ... ... ... ...
Results: R = 100DU, mg = 10 MT, Py = 500kW. . .. ... ... .. ..

Sphereof In uence of m, with respecttomy. . . . .. . ... ... ... ..

In-plane Thrust Angle and Out-of-plane Thrust Angle in Inertial Frame.

Switching Function and Switching Times for Bang-O -Bang. . . . . . . ..

Gauss Problem: Direction of Motion for the Same Vectors and the Same
Time of Flight. . . . . . . . . . .

Scthematic Diagram of Forming of Gravity Assist Maneuver. . . . . . . . ..
Swing-by: Insidethe SOI. . . . . . ... ... ... . .. ... . ...
Geometry of a Powered Swing-by Maneuver.. . . . . .. .. ... ... ...
Examplesof Thrust Histories. . . . . . . .. .. .. ... .. ... ......
SAMURAI Flowchart. . . .. . ... ... .. ..

Input C3and V requiremens. . . . . . . . . . ...

Xi

17
22
24
25
27
27
28
29
30
32

33
34
35
36
36
39
46
47

53



28

29

30

31

32

33

34
35
36
37
38
39
40
41
42
43
44
45

46

47

48

49

50
51

(in-plane thrust angle)and (out-of-plane thrust angle)in the Spacecraft-
certered Coordinates. . . . . . . . ...

Results with SAMURAI and IPREP: V Requiremerts for High Thrust
Venus Transfer. . . . . . . . . . . . e

Results with SAMURAI and IPREP: V Requiremerts for High Thrust
Mars Transfer. . . . . . . . . . . e

Results with SAMURAI and IPREP: V Requiremerts for High Thrust
Jupiter Transfer. . . . . . . . . ..

Results with SAMURAI and ChebyTOP: V Requiremerts for CSI type |
Mars Transfer. . . . . . . . . . . e

Results with SAMURAI and ChebyTOP: V Requiremens for CSl type Il
Mars Transfer. . . . . . . . . . . e

2D Trajectories for Proof-of-ConceptProblems. . . . . . .. ... ... ...
Tolerancevs. CPU Time for Di erent Number of Time Steps.. . . . . . ..
Tolerancevs. Fuel Consumption for Di erent Number of Time Steps.

A Trajectory with More Than One Rewlution - CSl type | engine. . . . . .
A Trajectory with Long Time of Flight - VSI typel engine. . . . . ... ..
VSI type Il Thrust History for Dierent Levelsof Isp Limit. . . ... ...
VSI type ll: Isp History for Dierent Levelsof Igp Limit. . . ... ... ...
VSI type Il Fuel Consumption for Dierent Levelsof I s, Limit. . . . . . ..
CSl type ll: Thrust History for Dierent Levelsof lgp. . . . ... ... ...
CSl typell: Isp History for Dierent Levelsof Igp. . . .. ... ... ....
CSl type II: Fuel Consumption for Dierent Levelsof Isp. . . . . ... ...

Relative Fuel Consumption of VSI with respect to CSIl: Comparison by Jet

Relative Fuel Consumption of VSI with respect to CSI: Comparison by Dis-
tance from the Sun (The Best | 5p is Chosenfor Each CSI Mission). . . . . .

Relative Fuel Consumption of VSI with respect to CSI: Comparison by Dis-
tance from the Sun (Isp for CSl is the Samefor All Missions).. . . . . . ..

Fuel Consumption betweenVSI and CSI: When |, for CSI Diers for Each
Mission. . . . . ..

Fuel Consumption between VSI and CSI: When Ig, for All CSI CasesAre

Fuel Consumption for VSI typell: Earth { Verus. . . . ... ... .....
Trajectory from Earth to Venus with 160-day Time of Flight. . . . .. . ..

Xii

71

76

76

77

78

79
81
83
84
88
89
90
91
92
92
93
94

95

96

97

98



52
53
54
55

56
57
58
59

60
61
62

63
64
65
66
67
68
69
70
71
72
73
74
75
76
77
78
79
80

Fuel Consumption for VSI typell: Earth { Verus. . . . . ... ... .... 103
VSI type Il Trajectory from Earth to Venus with 90-day Time of Flight. . . 104
Thrust Steering Angle for VSI type |l: Earth to Verus, 90-day Time of Flight. 105
Thrust Magnitude and Isp for VSI type II: Earth to Verus, 90-day Time of

Flight. . . . . . e 105
Fuel Consumption for CSl typel: Earth { Verus. . . . . ... ... ... .. 106
CSI Type | Trajectory from Earth to Verus with 90-day Time of Flight. . . 106

Thrust Steering Angle for CSI type I Earth { Verus, Day 250,90 day TOF. 107

Thrust Magnitude and Isp for CSI type I: Earth { Vernus, Day 250, 90 day
TOF. 107

CSI Type |l Trajectory from Earth to Venus with 90-day Time of Flight. . 107
Thrust Steering Angle for CSI type Il Earth { Venus, Day 260,90 day TOF. 108

Thrust Magnitude and Isp for CSI type II: Earth { Verus, Day 260, 90 day
TOF. e 108

Fuel Consumption for High Thrust: Earth { Verus.. . . . . ... ... ... 108
Fuel Consumption for VSI type |, 10 MW Jet Power: Earth { Mars Outbound.111
Fuel Consumption for VSI type I, 10MW Jet Power: Earth { Mars Inbound. 111

Fuel Consumption for VSI type Il. Earth { Mars Outbound. . . . . .. ... 112
Fuel Consumption for VSI type Il: Mars { Earth Inbound. . . . . . .. ... 112
Fuel Consumption for CSI type I: Earth { Mars Outbound. . . . . .. ... 113
Fuel Consumption for CSl type I: Earth { Mars Inbound. . . . . ... ... 113
Fuel Consumption for CSI type Il: Earth { Mars Outbound. . . . . . . ... 113
Fuel Consumption for CSI type II: Mars { Earth Inbound. . . . . . .. ... 113
Fuel Consumption for High Thrust: Earth { Mars Outbound. . . . . . . .. 114
Fuel Consumption for High Thrust: Earth { Mars Inbound. . . . . . . . .. 114

VSI Type Il Trajectory from Earth to Mars with 120-day Time of Flight. . 115

Thrust Steering Angle for VSI type II: Earth { Mars Outbound. . . . . .. 116
Thrust Magnitude and | s, for VSI type Il: Earth { Mars Outbound. . . . . 116
Thrust Steering Angle for VSI type II: Mars { Earth Inbound. . . ... .. 116
Thrust Magnitude and | sp for VSI type Il: Mars { Earth Inbound. . . . .. 116
CSI Type | Trajectory from Earth to Mars with 120-dey Time of Flight. . . 117

CSI Type Il Trajectory from Earth to Mars with 120-day Time of Flight. . 118

Xiii



81
82
83
84
85
86
87
88
89
90
91
92
93
94
95
96
97
98
99
100
101
102
103
104
105
106
107
108
109
110
111

Thrust Steering Angle for CSl type II: Mars { Earth Outbound. . . . . ..
Thrust Magnitude and | s, for CSl type I1I: Mars { Earth Outbound. . . . .
Thrust Steering Angle for CSI type Il: Mars { Earth Inbound. . . . .. ..
Thrust Magnitude and | s, for CSl type Il: Mars { Earth Inbound. . . . . .
JIMO: Jupiter Icy MoonsOrbiter [3]. . . . ... ... ... ... ......
Fuel Consumption for VSI typeI. Earth { Jupiter. . . . .. ... ... ...
Fuel Consumption for VSI type Il: Earth { Jupiter. . . . . ... ... ....
Fuel Consumption for CSl type I: Earth { Jupiter. . . . .. ... ... ...
Transfer Trajectory for VSI typell: Earth { Jupiter. . . . . ... ... ...
Thrust Steering Angle for VSI type II: Earth { Jupiter, 365-day TOF.
Thrust Magnitude and | s for VSI type II: Earth { Jupiter, 365-day TOF. .
Transfer Trajectory for CSl typel: Earth { Jupiter. . . . . ... ... ...
Thrust Steering Angle for CSl type I: Earth { Jupiter, 365-day TOF. . . . .
Thrust Magnitude and | s, for CSI type I: Earth { Jupiter, 365-day TOF.
Transfer Trajectory for CSl type Il: Earth { Jupiter. . . ... ... .....
Thrust Steering Angle for CSI type II: Earth { Jupiter, 365-day TOF.
Thrust Magnitude and | s, for CSl type I1: Earth { Jupiter, 365-dey TOF. .
Transfer Trajectory for VSI typell: Earth { Uranus. . . . . ... ... ...
Departure Phaseof Transfer Trajectory for VSI type Il: Earth { Uranus.. .
Transfer Trajectory for CSl typel: Earth { Uranus. . ... ... ... ...
Departure Phaseof Transfer Trajectory for CSI type I: Earth { Uranus. . .
Transfer Trajectory for CSl typell: Earth { Uranus. . . . . ... ... ...
Departure Phaseof Transfer Trajectory for CSI type II: Earth { Uranus.. .
Transfer Trajectory for High Thrust: Earth to Saturn without Swing-by. . .
Transfer Trajectory for High Thrust: Earth to Saturn with Mars Swing-by.
Transfer Trajectory for VSI type I Earth to Jupiter without Swing-by. . . .
Transfer Trajectory for VSI type I: Earth to Jupiter with Mars Swing-by.
Transfer Trajectory for VSI type I Earth to Saturn without Swing-by. . . .
Transfer Trajectory for VSI type I: Earth to Saturn with Mars Swing-by.
Transfer Trajectory for VSI type Il: Earth to Jupiter without Swing-by.
Transfer Trajectory for VSI type II: Earth to Jupiter with Mars Swing-hy. .

Xiv

119

119

125
125
125
125
126
126
126
126
126
128
128
128
128
129
129
131
131
132
132
132
132
133
133



112
113
114
115
116
117
118
119
120
121
122
123
124
125

Transfer Trajectory for VSI type |l: Earth to Saturn without Swing-by. . . 134
Transfer Trajectory for VSI type |l: Earth to Saturn with Mars Swing-by. . 134
Transfer Trajectory for CSI type II: Earth to Jupiter without Swing-by. . . 134
Transfer Trajectory for CSl type II. Earth to Jupiter with Mars Swing-by. . 134
Transfer Trajectory for CSI type II: Earth to Saturn without Swing-by. . . 134
Transfer Trajectory for CSl type Il: Earth to Saturn with Mars Swing-by. . 134

Speci ¢ Energy for Swing-by Trajectory: Earth { Mars { Jupiter. . . . . .. 136
Speci ¢ Energy for Swing-by Trajectory: Earth { Mars { Saturn. . . . . .. 137
Example of Fuel vs. Time of Flight for VSI typel. . . ... ... ... ... 140
Flowchart of Powell's method[78].. . . . . .. ... ... ... ........ 164
Example of Exterior Penalty Function [78]. . . . . .. .. ... ... .... 170
Example of Interior Penalty Function [78]. . . . . .. ... ... ... .... 171
Example of Extended Penalty Function [78].. . . . . . .. ... ... .... 172
VRML Example{ SimpleHouse. . . . . . .. .. .. ... ... ....... 174

XV



LIST OF SYMBOLS OR ABBREVIA TIONS

In-plane thrust anglein the spacecraft-cetered coordinates.

Out-of-plane thrust anglein the spacecraft-cetered coordinates.

c Exhaust velocity relative to the spacecraft(m/s).
Cs V7 (twice of the kinetic energy of the spacecraftper unit massat the edge of
the SOI).
\Y, Delta V.
m Rate of propellant ow (kg/s).
o Acceleration of gravity at sealevel (9.806 m/s?).
H The Hamiltonian.
I'sp Speci c Impulse.
J Performanceindex.
L The Lagrangian.

The Lagrange multiplier.
Mg Initial massof the spacecraft.

Out-of-plane thrust anglein the Cartesian coordinates.

P; Jet power of the engine (W).

R Distance betweentwo point massedor the preliminary study.
S Switching function (used for bang-o -bang control).

T Thrust(Newton, kg m/s?).

VHT Final velocity for high thrust.
VHTq Initial velocity for high thrust.

Vol Velocity of planet. Vp,, and Vp,, are Vy of departure planet and arrival
planet, respectively.

AU Astronomical Unit (1 AU = 1.4959965E+08km).
ChebyTOP  Chebyshev Trajectory Optimization Program.
Csl Constant Speci ¢ Impulse.

DU Distance Unit.

IPREP Interplanetary PREProcessor.

XVi



MT Metric ton (1,000 kg).
NASA National Aeronautics and SpaceAdministration.

SAMURAI Simulation and Animation Model Usedfor Rockets with Adjustable | sp.

SOl Sphereof In uence.
TOF Time of Flight.
TU Time Unit.

VASIMR  VAriable Specic Impulse MagnetoplasmaRocket.
VRML Virtual Reality Modeling Language.
VSI Variable Speci ¢ Impulse.

In-plane thrust anglein the Cartesian coordinates.

V Vinnity. V1 jn and Vi fjn areV; at departure and arrival, respectively.

XVii



SUMMAR Y

A study hasbeenperformedto determine the advantagesand disadvantages of vari-
able thrust and variable | sp tra jectories for solar systemexploration. Relative to traditional
high thrust/lo w I sp or even low thrust/high |y trajectories, thesevariable thrust missions
have a potential to positively impact trip times and propellant requiremerts for solar system

exploration.

There have been sewral numerical researt e orts for variable thrust, variable I,
power-limited trajectory optimization problems. All of theseresults concludethat variable
thrust, variable |, (variable specic impulse, or VSI) enginesare superior to constart
thrust, constart |, (constant speci ¢ impulse, or CSI) engines. That meansVSI engines
can achieve a missionwith a smaller amourt of propellant massthan CSI engines. However,
most of thesereseard e orts assumea missionfrom Earth to Mars, and someof them further

assumethat these planets are circular and coplanar. Hencethey still lack the generality.

This researt has beenconductedto answer the following questions:

Is a VSI enginealways better than a CSI engineor a high thrust enginefor any mission
to any planet with any time of ight consideringlower propellant massas the sole

criterion?

If a planetary swing-by is usedfor a VSI trajectory, how much fuel can be saved? Is
the fuel savings of a VSI swing-by trajectory better than that of a CSI swing-hby or

high thrust swing-by trajectory?

To support this researd, an unique, new computer-basedinterplanetary trajectory cal-

culation program hasbeencreatedbasedon a survey of approachesdocumerted in available

XViii



literature. This program utilizes a calculus of variations algorithm to perform overall opti-
mization of thrust, |sp, and thrust vector direction along a trajectory that minimizes fuel
consumption for interplanetary travel betweentwo planets. It is assumedthat the propul-
sion systemis power-limited, and thus the compromisebetweenthrust and I sp is a variable
to be optimized along the ight path. This program is capable of optimizing not only vari-
able thrust trajectories but alsoconstart thrust trajectoriesin 3-D spaceusing a planetary

ephemerisdatabase. It is also capable of conducting planetary swing-hys.

Using this program, various Earth-originating trajectories have been investigated and
the optimized results have been compared to traditional CSI and high thrust trajectory
solutions. Results shav that VSI rocket enginesreduce fuel requiremerts for any mission,
or they shorten the transfer time comparedto CSI rocket engines. Fuel can be saved by
applying swing-by maneuwers for VSI engines, but the e ects of swing-bys due to VSI

enginesare smaller than that of CSI or high thrust engines.
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CHAPTER |

INTR ODUCTION

1.1 Problems of Variable Thrust, Variable |, Trajectory
Optimization

Conventional propulsion systemsare roughly classi ed into two types: high thrust rockets,
and low thrust rockets. Table 1 shows examplesof spacecraft propulsion systems. For a
launch vehicle, high thrust rockets sudh as solid rockets or bipropellant liquid rockets must
be usedat the presert time. This is becausehe thrust-to-w eight ratio must be greater than
oneto vertically launch the vehicle from the ground. If a high thrust rocket is usedfor an
interplanetary mission, the rocket is initially red for a short period of time to accelerate
the vehicleto the proper speedto read the destination. If the spacecraftis to be placedin
the desiredparking orbit without an aerocapture maneuwer, a second ring of the engineis
used near the destination to deceleratethe vehicle. Most of the fuel is consumedby these
two burns. During the rest of the transfer time the engineis turned o and the vehicle

coastsaround the Sun without any propulsive energy added.

Table 1: Examplesof SpacecraftPropulsion Systems[4][42].

| Method | lIsp(sec) | Thrust (N) [ Duration |
Chemical 0.1{ 1.2 10" | minutes
Liquid
Monopropellant 140{ 235
Biprop ellant 320{ 460
Solid 260{ 300
Hybrid 290{ 350
Electric 0.0001{ 20 | months { years
Electrothermal 500{ 1,000
Electromagnetic || 1,000{ 7,000
Electrostatic 2,000{ 10,000
Nuclear thermal 800{ 1,100 | upto 1.2 10’ | minutes
VASIMR 1,000{ 30,000 40{ 1,200 | days{ months

VASIMR { VAriable Specic Impulse MagnetoplasmaRocket.



On the other hand, low thrust rockets cannot be usedfor a launch vehicle becausethe
thrust-to-w eight ratio of the engine alone is lessthan one. Low thrust rockets do provide
an advantage for interplanetary missions. Low thrust enginestypically have higher speci c
impulse than higher thrust engines. This higher speci ¢ impulse results in lessfuel being
consumedwhen comparedto high thrust rockets. Due to the low thrust level, trip times
are typically longer for low thrust rockets when comparedto the high thrust engines. This
is especially true if the spacecrafthasto leave the gravity well of the Earth or if it hasto
conduct an orbital insertion at the destination planet using its engines.

The comparison between low thrust systemsand high thrust systemscan be thought
of in the sameway as the comparisonbetweena car driving in low gearand a car driving
in high gear. A car starting from rest or climbing up a hill requires high thrust, and a
driver chooseslow gearto exert high thrust at the expenseof high fuel consumption. In
contrast, a car cruising on a highway needshigh fuel e ciency rather than high thrust, so
a car cruising with high speedusesits top gearto save fuel.

A corvertional propulsion system cannot modulate its speci ¢ impulse. So, depending
on the purposeof the mission, a mission designermust selectthe rocket type.

The conceptof modulating thrust and speci ¢ impulse has beentheoretically evaluated
sincethe early 1950's[9][25].Currently there are se\eral projects ongoingworldwide relevant
to rocket enginesthat can modulate their thrust and I s,. This researt includes medanical
tests at ground facilities aswell astrajectory simulations with computers. However, a ques-
tion emerges:\What are the advantages of having a propulsion systemthat can modulate

its speci ¢ impulse depending on the operational condition?"

The study of trajectory optimization problemsis very important for spacedevelopmen.
If a trajectory can be optimized by either minimizing fuel consumption or nding the
best launch opportunity that minimizes time from Earth to another planetary body, that
trajectory will save operational costs as well as increasethe probability of successof a
mission.

For high thrust engines,the interplanetary trajectory is nearly a conic section that is



Figure 1: Future Interplanetary Flight with VASIMR[5].

determined only by the time of ight and the positions of departure planet and arrival
planet. Therefore only the times of departure and arrival are optimized. Becausethere are
two orbits passingthrough the departure planet to the arrival planet with the prescribed
time of ight, the orbit that requireslessfuel is normally chosen.

For trajectories with CSI engines,the thrust direction should be controlled sothat the
spacecraftreaches the target planet with the prescribed time of ight. Therefore nding
an optimal trajectory for CSI enginesis the sameas nding a history of the best thrust
direction. If the engine has a capability of turning the engineon and o, switching times
(on! o oro ! on)shouldbe appropriately determined.

For tra jectorieswith VSI engines becausehe thrust level and | sp arevariable, nding an
optimal tra jectory for this type of rocket means nding a history of the bestthrust direction
and a history of the bestthrust level (possiblyincluding zerothrust) that minimizesthe fuel
consumption for ertire mission. The trajectory is calculated from initial conditions (initial
mass, initial position and velocity), nal conditions (nal position and velocity), time of

igh t, and the vehicle's available power level.

1.2 Motivation for Research

For interplanetary missions, nding a trajectory that minimizes the fuel consumption is
important. Reducing the fuel consumption not only saves cost for fuel but also cost for
launch from the ground, and therefore the cost for the entire mission decreases.

Selecting a suitable engine type for a mission is also important. So far, high thrust



Figure 2: Transfer Trajectory from Earth to Mars with Thrust Direction.

enginesand constart | s, low thrust engineshave beenusedfor interplanetary missions. If a
variable | s, engine,which is under developmen, could be usedfor a mission, it may reduce
the mission cost. Analyzing trajectories with variable | sp enginesand comparing them to
trajectories with constart |5, enginesor high thrust enginesshould help in selecting the
enginetype.

There have beenseweral numerical researt e orts for variable thrust, variable I p (vari-
able speci ¢ impulse, or VSI), limited-p ower trajectory optimization problems [25][49][2Q
[69][61[72]. Both indirect methods and direct methods have been used to evaluate this
problem. Most of the researt e orts assumea human missionto Mars, and all of these
results conclude that VSI enginesare superior to constart thrust, constart |s, (or CSI)
engines. That meansVSI enginesrequire lessamount of propellant than CSI enginesfor a
mission.

This researt started with the following questions:

Doesa VSI enginealways require lessfuel than a CSI engineor a high thrust engine

for any missionto any planet with any time of igh t?

{ If the answer is yes,is it possibleto nd a qualitativ e relationship betweenfuel
consumption and other parameters such as power level, time of ight, or semi-

major axis of the transfer orbit?



{ If the answer is no, in what situations are CSI or high thrust better than VSI?

If a planetary swing-by is used for a VSI trajectory, how much fuel can be saved
relative to the non swing-by case?ls the fuel saving of the VSI swing-by trajectory

better than that of a CSI swing-by trajectory or a high thrust swing-by trajectory?

To answer the above questions,a study of a variable thrust, variable | s, rocket engine,
particularly focusing on the optimization of interplanetary trajectories with this type of
rocket engine, is conducted in this researti. A number of interplanetary trajectories with
di erent combinations of departure date, time of ight, and target planet are simulated

numerically and the fuel consumption for VSI, CSI, and high thrust enginesare compared.

1.3 Research Goals and Objectives

The primary goal of this researd is to demonstrate the advantages and disadvantages of
VSI enginesover convertional enginessudc as CSI enginesand high thrust enginesthat are
currently usedfor interplanetary missions. If the merits and demerits of using a VSI engine
over a CSIl engine and a high thrust engine are parameterized, this data can be used to
determine the enginetype for a particular mission. Therefore, the goal of this researt is

to establish a generalizedrule that:
1. Qualitativ ely states the advantagesand disadvantagesof a VSI engine.

2. Quantitativ ely determinesthe fuel savings by using a VSI engineover a CSl or a high

thrust engine.

For example, goal 1 may be written as, \to travel from Earth to Mars, VSI is always
better than other typesof engines,but asthe trip time increasesthe merit of using a VSI
engine gradually decreases."Similarly, goal 2 may be written as, \going from Earth to
Jupiter in 3 yearswith a VSI engine saves about 20% of the total fuel over a CSI engine

and 33% over a high thrust engine.”



To support the goal described above, numerical analysesshould be conducted. As far as
the author knows, there are currently no programs available that can calculate interplan-
etary trajectories with all of VSI, CSI, and high thrust engines. Therefore, an additional
goal is to create an interplanetary trajectory optimization program that can calculate the
tra jectories to conduct this researd.

The program should have the capability of calculating transfer trajectories from one
planet to another, and it should be used for any type of engine including VSI, CSI, and
high thrust. The program also should be able to calculate swing-by trajectories with those

sametypesof engines. The program should be robust, accurate, and fast.

1.4 Appr oach

To achieve the above researd objectives, seweral stepswere taken in this researd.

At rst, to become familiar with interplanetary optimization problems, a literature
review was conducted. This work included nding and studying a proper method to solve
this kind of problem, understanding orbital medanicsand methods of solving optimization
problems, and addressingthe cortribution of this researt to the eld of interplanetary
trajectory optimization problems.

Next, proof-of-conceptstudy was conducted that was designedto be simple, yet still
represerativ e of the problems. A simple two-dimensionaltrajectory was usedto compare
fuel consumption of VSI, CSI, and high thrust enginesby integrating equations of motion.

Then an interplanetary trajectory optimization software application was created using
a method learned during the literature review. The application was developed to be easy
to use,run quickly, and produce accurate results.

Using this application, apreliminary study wasconductedto con rm the implementation
of the application. Assuming that the orbits of planets around the Sun are circular and
coplanar, two-dimensional tra jectories from Earth to other planets were calculated. With
this researt, a large databasewasobtained regarding fuel requiremerts. A rule of thumb for
the relationship betweenfuel requiremerts and the distance from Earth to target planets as

well asthe relationship betweenfuel requiremerts and time of ight for ead type of engine



was established.

Finally, \real world" exampleswere consideredto ched if the relationships obtained in
the previous step can be applied to the actual three-dimensionalinterplanetary trajectories.
Planet positions and velocities are given as functions of time that are obtained from actual
obsenations. Using the position and velocity data for planets, simulations for transfer

tra jectories were conducted.

1.5 Organization of the Thesis
This thesisis organizedinto nine chapters and four appendices:

Chapter 2 is an overview of trajectory optimization problems. Examples of general
trajectory optimization problems are presened. Then seweral researt e orts for low
thrust trajectories that have beendone by other researders are intro duced from the

literature review.

General optimization problems are also described in this chapter. At rst, seweral
optimization methods are introduced. The method of calculus of variations that is

then applied to di erent typesof optimization problemsis presered.

Chapter 3 brie y describesan enginethat is capableof modulating thrust and speci c
impulse. In this chapter, as an example of a VSI engine, the medanism of the
VASIMR enginethat is currently under developmert at NASA JohnsonSpaceCerter
is preseried. Then this chapter provides a mathematical way of nding the bestpower

level to be operated throughout the mission.

Chapter 4 presens the preliminary, proof-of-conceptstudy with simple trajectories.
Using 2D simple spiral tra jectories betweentwo attracting bodies, the fuel consump-
tion of high thrust, low thrust with constart |, and low thrust with variable | s, are

compared.

Chapter 5 describes general interplanetary trajectory optimization problems. The
assumptions made to conduct this researt are rst de ned, and then the required

equations of motion to solve the optimization problems are determined.



Chapter 6 explains the developmert of the software application SAMURAI in detail.
Capabilities of this application, C++ classesand schemes,and example inputs and
outputs are showvn. A brief explanation of VRML that displays the trajectory on the

web browser is also described.

Chapter 7 shows the preliminary results from SAMURAI . Two-dimensional transfer
tra jectories betweenplanets are calculated. Planets are assumedo be orbiting around
the Sun with zero eccertricit y and zero inclination. The results of this computation

are preseried.

Chapter 8 shavsthe \real world" numerical examples. Using three-dimensionalactual
ephemerisdata of planets, transfer tra jectories from Earth to other planets with and
without swing-bys are computed. Then a summary and the knowledgeobtained from

this data are preseried.
Chapter 9 closesthe thesis with conclusionsand recommendationsfor future work.

There are four appendices: Appendix A shows the results for the preliminary study
obtained in Chapter 7, Appendix B provides the additional equations used in the

application.

Chapter C introducesall the programming techniques required to solve the problems
proposedin this researti. The examplesof techniquesintroduced in this section are

optimal cortrol programming, line seard, Powell's method, and penalty functions.

Appendix D is the users'manual for the application SAMURAI .



CHAPTER I

A BRIEF DESCRIPTION OF LOW THR UST
TRAJECTOR Y OPTIMIZA TION

2.1 Trajectory Optimization in Gener al

Trajectory optimization can be de ned as nding the \b est" path from an initial condition
to some nal condition basedon a certain performanceindex [79]. Finding the best path in
this casecould be rephrasedas nding the best thrust history (direction and magnitude)
for a given mission. The performanceindex dependson the characteristics of the problem.
For a minimum-fuel, xed-time, and xed-initial massproblem, we would like to maximize
the nal massof the spacevehicleat the end of transfer time. The objective function to be
minimized is the negative of the nal massof the vehicle. Whereas, for a minimum-time
problem, transfer time from one point to another will be of interest, so the performance
index is the transfer time. combination of a minimum-time problem and a minimum-fuel
problem. If the operating costis a function of the transfer time and they are proportional
to ead other, we would like to minimize the transfer time to minimize the cost. But to
achieve the minimum transfer time we needlarge amournt of fuel. Therefore, for example, if
we would like to minimize the cost, the following problem should be solved: \Find the best
launch opportunity for a transfer orbit from Earth to Mars that minimizes the cost. This
costis the combination of fuel consumption and transfer time if we leave Earth betweenyear
2005and 2020." For this type of problem, a grid seart may be necessaryat the beginning
of the analysis with the launch date and time of ight as parameters. The results gained

from the grid seard will allow a more preciseoptimization to be performed.

2.2 Solution Metho ds for Optimization Problems

Solution methods for trajectory optimization problems are typically identied as either

direct methods or indirect methods. In this sectionthe characteristics of these methods are



preserted.

Direct methods discretize the optimization problem through events and phases,and
the subsequen problem is solved using nonlinear programming techniques[53. Thesetech-
nigues include shooting, multiple shooting, and transcription or collocation methods. In
the shooting method, the cortrol history is discretized as a polynomial, with the trajectory
variables asfunctions of the integrated equations of motion. In the collocation method, the
trajectory is discretized over an ertire trajectory asa set of polynomials for both state vari-
ablesand cortrol variables[53. Solutions obtained with thesedirect methods are generally
consideredsub-optimal due to the discretization of either the state or cortrols, or both[69].

Indirect methods use calculus of variations techniquesto characterize the optimization
problem as a two-point boundary value problem. The optimal cortrol schemeis an indirect
method. The optimal control usesa rst variation technique to determine necessarycondi-
tions for an optimum, and secondvariation techniques are usedto determine whether the
point is the minimum, the maximum, or a saddlepoint[17]. This method involvesapplying
calculus of variations principles and solving the corresponding two point boundary value
problem[51]. Initial estimatesof the Lagrange multipliers must be provided, but sincethey
do not have physical meanings, guessingthe initial values of the Lagrange multiplier is
di cult and may leadto problemswith convergence.

There alsoexist hybrid methodsthat numerically integrate the Euler-Lagrangeequations
(and cortrol the spacecraftbasedon the primer vector). These methods solve a nonlinear
programming problem where the Lagrange multipliers of the indirect method and the rel-
evant mission parameters form part of the parameter vector while extremizing a general

scalar cost function[69].

Each of the above methods have pros and cons: indirect methods are di cult to formu-
late, whereaswith direct methods, mathematical suboptimal solutions are obtained. In this
researt, anindirect method is selectedsincethey calculate an optimal solution rather than a
suboptimal solution. The equationsof motion usedin this researt are not very complicated

and can be implemented into the application without diculties. Also, there are sewral
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excellert literature available for programming with indirect methods[17[49][69[41][57.

2.3 Indir ect Metho ds { Calculus of Variations

The calculus of variations is concernedwith the problem of minimizing or maximizing
functionals, a functional being a quantity whose value depends upon the sets of values
taken by certain assaiated functions over domains of their variables for which they are
de ned[54]. In this section, somemethods to solve di erent typesof optimization problems

are described.
2.3.1 Problems without Terminal Constrain ts, Fixed Terminal Time

Considerthe dynamic systemis described by the following nonlinear di erential equations:
x = fx(t);u(t);t]; x(to)given, to t tf; Q)

where x(t), an n-vector function, is determined by u(t), an m-vector function. Supposewe
wish to choosethe history of control variables u(t) to minimize the performanceindex J
(scalar) of the form z,,

J= Ix(tr)ite ]+ L[x(t);u(t);t]dt )

to

where [x(t;);tf] is a scalar function that will be minimized, and L[x(t);u(t);t] is the
Lagrangian. By adjoining the system di erential equations Eqn. 1 to J with multiplier

functions (t) and modifying it, we get the following equation:

Z
J o= [x(t)te]+ t[L[><(t);U(t);t]+ TOf [x(t); u(t); 1] x]dt
7' z
= [Ix(te);te]+ t[L[><(t);U(t);t]+ T(O)f [x(t); u(t); t]]dt t Txdt
Ztotf th to
= [x(t):te]+ H [x(t); u(t); t]dt Txdt
Ztotf to th
= X )it]+ HX@u:gdt [T+ Tt
Ztotf to
= [x(te);te]+ t fHX(t);u(t);t]+ xgdt+ T(to)x(to) T (te)x(tr) (3)
where H is the Hamiltonian
H[x(t); u(t);t] = Lx(t);u(t);t]+ T (O [x(t); u(t); t]: (4)

11



Now considerthe variation in J due to variations in u(t) for xed times ty and t¢,

th
J= = T x + [T Xl=t, + @, x+%udt: (5)

@ t=t¢ to @
At a stationary point J = 0, so we should choose multipliers and variables of this

equation sothat J becomeszero. If the multiplier (t) is chosen

T —
(tr) = &) (6)
Ty - @ . @ 9
—(t) = & & & (7)
Eqgn. 5 becomes 7
RG
J= T(tg) x(to) + . Eﬁ'um: (8)

When x(tp) is given, Xx(tg) = 0. Therefore for an extremum, J must be zerofor arbitrary

u(t), and this can only happen if

%:%+ T%:O; to t tp: )

Therefore,to nd acontrol variablesu(t) that producesthe stationary value of J, di eren tial
equations1 and 7 should be solved with boundary conditions 6 with x(tg) given, then u(t) is
determined by Eqn. 9. Note that for any state x, the assaiate costate , evaluated at time
t represens the sensitivity of the optimum J (denoted J ) with respect to perturbations in

the state x at time t, i.e.

@

X = @(—(t) (10)

2.3.2 Some State Variables Specied at a Fixed Terminal Time

If xj, the i-th component of the state vector x, is prescribed at terminal time t;, x; at t¢
is zero. Then the rst term of Egn. 5 vanishes. Also, if all of n componerts of x are given
at initial time t;, then the secondterm of this equation also vanishesbecause x;(t;) = O.
Supposethat g componerts of x are prescribed at t¢, then = [Xg+1;  ;Xnly . Then

using a n-componert vector p, Eqn. 8 becomes

Z,
J= . %+pT% udt (11)

12



where

@ ' @ '
— = = 12
P . & p & (12)
E0; i=1 q
p(tr) = (13)

'B(@:@(j)jtztf; j=aq+1 ;n
These equations determine the in uence functions p for the performanceindex.
Next, supposea performanceindex J = Xx;(t¢), the i-th componert of the state vector
at the nal time. This will make in uence functions for x;(t;) by substituting = X;(tf)
and L = 0in Egn. 11. Then by expressingthe in uence functions in the n g matrix form

R, Egns. 11, 12, and 13 become

Z, @
Xi(tf) = . RI@ udt; i=1;, ;q (14)
where
T
R = 2 g (15)
@
8
E0; i 6]
Rjj (tr) = 3 (16)
L= j=1 0 om

where R; are componerts of i-th column of matrix R.

Now, we can construct a u(t) history that decreases). u(t) should be made so that
it produces J < 0 and satis es the g terminal constraints X;(t;) = 0. To do this, adjoint
g equationsof Eqn. 14 and Eqn. 11 using an constart ;.

z
X "a @
J+ P xi(tg) = — +[p+ R]' = udt 17
- | |( f ) to @ [p ] @l ( )

If we choose,with a positive scalar constan k,

u= k S+ RIS (18)
and substitute this into Eqn. 17,
Z t 2
Q T @
J+ i xi(ts)= k —+ [p+ iRi] = dt< 0 19
i |(f) % @ [p 1 |] @ ( )
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which is negative unlessthe integrand vanishes. Therefore, if we can determine nu; sothat
it satis es the terminal constraints( Xx;(t;) = 0), the performanceindex decreaseswith u

of Egn. 18. Substituting Eqgn. 18 into Eqn. 14,

Zy, T #
@ @ Q
0 = x(tf)= k RT= = + R]+ —  dt 20
(tr) < a a [P ] @ (20)
v @ @ e, ‘i.@ @
0 = R'— — — dt + R'" — — Rdt (21
e @ P e s @ @ )
from which the appropriate choice of the j'sis
= Qg (22)
whereQ isa (g @) matrix and g is a g-componert vector:
Z,, T
@ @ .
Qi = RT = = Rdt ij=1 :q 23
] . @ @ J# q (23)
‘v @ @' . @’
| = R'= — + — dy i=1 q 24
¢] RNa @ Pt @ q (24)

Thus, a u(t) history that minimizes the performanceindex has beenconstructed.

If the terminal state is prescribed as a form of functions
[x(ts);t:]=0 g equations (25)

the performanceindex can be written with a multiplier vector (a g vector) as follows.
Z,
J= [X(te)ite ]+ T ()it ]+ L[x(t);u(t);t]dt: (26)

to

If we de ne ascalarfunction = + T | the devwelopmert above can be applied without

change. Then necessaryconditions for J to have a stationary value are

x = f(x();u():t) (27)

_ = %T %T (28)

@’ _o’.a’_, @)
o= e e = (30)
[x(tr);t,] = O (31)
X (to) given. (32)



2.3.3 Inequalit y Constrain ts on the Control Variables

Supposethat we have an inequality constraint on the system:
C(u(t);t) O (33)

where u(t) is the m-componert control vector, m 2, and C is a scalar function. For
example, when we would like to limit the I, level lessthan or equal to 30,000m/s, C is
expressedasC = I, 30,000 O.

If we de ne the Hamiltonian with a Lagrange multiplier (t)

H= Tf+L+ TC; (34)
the necessarycondition on H is
Hy = Tfu8+ Ly+ "Cy=0 (35)
2 0, C=0
and 5 (36)
=0, C<O

The positivity of the multiplier  when C = 0 is interpreted as the requiremert that the
gradiert of original Hamiltonian ( Tf, + L) be sud that improvemert can only comeby
violating the constraints.

The di erential equationsfor costate vectors are

_T(t): @: @ TQ TCX: @ T@:

& @ & & & (37)

Therefore to calculate costate vectors we can use Eqn. 7 becauseC is not a function
of x. Boundary conditions should be chosensothat the initial and terminal constraints for

state variables are satis ed.
2.3.4 Bang-o-bang Control

This type of control is applied to the xed-time, minimum-fuel problem with constrained
input magnitude. For example,a CSl rocket that canturn its engineon/o asneededwould

obey this cortrol law.
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Consider the problem with the following linear system[57].
X=Ax + Bu (38)

Assumethat the fuel usedin ead componert of the input is proportional to the mag-

nitude of that componert. Then the cost function to be minimized is

Z tp X0 _ '
J(to) = cijui(t)jdt; (39)
o=z

wherec¢; is a componert of am vector C = [c1 ¢ cm]" and u;(t) is a componert of am
vector ju(t)j = [jusj juzj  jumjl’.

Supposethat the control is constrained as
jui®j 1 ti ot ot (40)

The Hamiltonian is

H=CTjuj+ T(Ax + Bu) (41)

and accordingto the Pontry agin's minimum principle, the optimal cortrol must satisfy
CTjuj+( )(Ax +Bu) CTjuj+( )"(Ax +Bu) (42)

for all admissibleu(t). ( ) denotesoptimal quartities. This equation can be reducedto
CTjuj+( )Bu CTjuj+ ( )'Bu (43)

If we assumethat all of the m componerts of the control variables are independert,

. Thu, . . Thu;
jupj+ % juij + %1 (44)
C| CI
where by are the columnsof B. Since
8
o 5 ui; u O
iy = o (45)
U uy O

we can write the quartity we are trying to minimize by selectionof u;(t) as

8

3 T —c i .
T 1+D0 =c; juj; u O
q Ui _ h i i i (46)
a 3

G(t) = juij +
1 b =ci juij; u O
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Figure 3. Bang-o -bang Control: Choosing Control to Minimize ¢;.

Fig.3 shows the relationship betweeng and QT ujforuj=21ui=0,anduj= 1, and
when 1< ui(t) < 1, g(t) takeson valuesinside the shadedarea. Therefore, if we neglect

the singular points (b7 =c; = 1 or -1), the cortrol can be expressedas

8
% 1; hT=Ci< 1
Ui(t)zg 0, 1<b =c;<1 (47)
1, 1< b =c;:

This is called a bang-o -bang corntrol law.

2.4 Liter atur e Review

There have beena number of studies on low thrust trajectories. One of the earliest and
most notable applications of the calculus of variations to the orbit transfer problem was
doneby Lawdenin 1963[54]. Lawden set the foundations for the functional optimization of
spacetra jectories. He shaved that the thrust direction vector is expressedoy the Lagrange
multipliers, and the vector is referred to asthe primer vector.

A book by Marec[59 published in 1979, covered a study of optimal spacetrajectories
comprehensiely, including both high thrust and low thrust propulsion systems. He applied
the Contensou-Pontry agin Maximum Principle to obtain equations of optimal trajectories.

In addition to the study of general optimal trajectory problems introduced above, a
number of low thrust trajectory optimization problemshave beenstudied for decades.Most
of the problems deal with trajectories with CSI engines. There are also seweral studies

on variable thrust, variable I, trajectories, and in the next few pagesthese studies are
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introduced.

In the paper published in 1995, Chang-Diaz, Hsu, Braden, Johnson, and Yang [25]
studied human-crewed fast tra jectories with a VSI engineto and from Mars. Their study
doesnot include planetocertric phasesat departure and arrival, but only heliocertric phase
is considered. In addition to completing a nominal round trip scenario(a 101-day outbound
trip, a 30-day stay, and a 104-day return), their work shows that a VSI engine has the
ability to abort a mission when something goeswrong during the outbound phase. Chang-
Diaz, an advocator of VASIMR(V Ariable Specic Impulse Magnetoplasma Rocket), and
his colleagueshave not only simulated the trajectory analysis but also have conducted a
number of hardware experimerts with a VSI engine[63[74][43][66[30][44.

Kechichian(1995)[49 described the method of optimizing a VSI low thrust trajectory
from LEO to GEO using a set of non-singular equinoctial orbital elemens. His paper
includes all the equations required to perform the calculus of variations to nd the set of
cortrol variables (Isp, pitch, and yaw) for a constart power, variable |sp trajectory. The
upper and lower boundsfor the | sp are setto simulate the physical constraints of the engine.
This study is only for the orbit around the Earth and the equations cannot be usedfor the
escae tra jectory asthe equinaoctial orbital elemens are only valid for a trajectory with an
eccetricit y of lessthan one.

Casalino, Colasurdo, and Pastrone(1999)[20 analyzedthe optimal 2-dimensionalhelio-
cerric trajectory with a VSI engine. Using the shooting method, they studied tra jectories
with and without swing-bys to escape from the solar system. Their main concernwas to
obtain the best history of thrust and pitch angle to maximize the specic energy of the
spacecraftat the end of calculation which does not have a planetary capture at the end.
The conclusion of this researt was that a trajectory with swing-bys can get more escape
energythan a trajectory without swing-bys.

The researt of VSI trajectories done by Nah and Vadali(2001)[6] includes the gravi-
tational e ects of the Sun, the departure planet (Earth), and the arrival planet throughout
an ertire trajectory. Mars is chosenas the arrival planet, and the actual ephemerisfor

Earth and Mars is used. A shooting method was usedto obtain the cortrol variables that
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maximize the nal massof the spacecraftat Mars arrival. The upper limit for I, is setas
a constraint.

Seywald, Roithmayr, and Troutman(2003)[77 studied a circular-to-circular low thrust
orbit transfer with a prescribed transfer time. They solved the optimal cortrol problem an-
alytically and studied the thrust history that minimizes the fuel consumption for a transfer
orbit betweentwo circular orbits with prescribed time of igh t. Their work concludesthat,
if the thrust magnitude is always low enoughsuch that it quali es as\low thrust", the op-
timal thrust magnitude is always proportional to the vehicle mass. They also investigated
how much fuel is saved if a VSI engine,instead of a CSI engine,is used,and concludedthat
the percertage of fuel savings depends strongly on the boundary conditions suc as igh t
time and initial and nal valuesof the semi-mgor axis.

The work done by Ranieri and Ocampo(2003)[69 is specialized for human missionsto
Mars. Using the nonlinear programming boundary value solver, they studied a round trip
to Mars using VASIMR. This trajectory includes a heliocertric outbound trajectory from
Earth to Mars, a sewral month stay at Mars, then a heliocertric inbound trajectory from
Mars to Earth. Planetary bodies are assumedto be point massegzero sphereof in uence).
The objective is either to minimize the initial masswith a given nal massor to maximize
the nal masswith a given initial massfor an unbounded |, engineand a CSI engine. A
CSI engine can turn its power on and o, resulting in a bang-o -bang thrust prole. In
this paper, the fuel requiremerts for a round trip with VSI and a trajectory with CSI are
compared. The results shawv that the fuel consumption with VSI is more than the CSI for
the outbound trajectory, but it is lessthan CSI for the inbound trajectory. The result is

that VSI requireslessfuel than CSI for an overall round trip.

Eacdh of these papers givesinteresting features of VSI engines. No paper comparesVSI
engineswith high thrust engines,and only two papers (by Seywald[72] and by Ranieri[69])
comparea VSI enginewith a CSI engine. The paper by Ranieri studied Earth to Mars and
Mars to Earth trajectories, and the paper by Seywald studied circular-to-circular geccertric

transfer orbits. That meansthere still remains ambiguity of the advantagesof a VSI engine
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over a CSI enginein general. A swing-by trajectory was studied in Casalino's paper[20],
but he doesnot include planetary capture at the end of the mission.

Therefore, it is still ambiguous if using the VSI enginesis more bene cial than using
the CSI enginesfor any interplanetary missions. Also, the e ects of planetary swing-bys for
transfer orbits betweentwo planets are unknown.

Hence,researt questionsstill remain: Is VSI always better than CSI or high thrust for
any trajectory? Or if we apply swing-bys and simulate a planetary capture at the end of

mission, what characteristics doesthe trajectory have?
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CHAPTER I

EXHA UST-MODULA TED PLASMA PROPULSION
SYSTEMS

This chapter contains a brief description of an enginethat is capable of modulating thrust
and speci ¢ impulse at constart power.

There are seweral typesof exhaustmodulated enginesunder experiment such asVASIMR
(VAriable Specic Impulse Magnetoplasma Rocket), currently studied at the Advanced
SpacePropulsion Laboratory at NASA's JohnsonSpaceCenter in Houston (Fig. 4), or EICR
(Electron and lon Cyclotron Resonance)Plasma Propulsion Systemsat Kyushu University,
Japan[Z.

Becausethese systemsare similar, the medanism of the VASIMR engineis presened

in this section.

3.1 Overview

The conceptof exhaustmodulation hasbeenknown theoretically sincethe early 1950's[9][25],
but the technology to construct these systemshad remained elusive until the late 1960's.

The electric propulsion systemssuc asion enginesand the Hall thrusters accelerateions
presert in plasmasby applying electric elds externally or by charging axially. Theseion
accelerationfeatures,in turn, result in acceleratedexhaust beamsthat must be neutralized
by electron sourceslocated at the outlets before the exhaust streamsleave the engine.

A MPD (Magnetoplasmadynamicthruster) plasmainjector includesa cathodein contact
with the plasma. This cathode becomeseroded and the plasmabecomescontaminated with
cathode material. This erosion and contamination limit the lifetime of the thruster and
degradee ciency[23].

The designof the VASIMR avoids those limiting featuresas VASIMR has an electrode-

lessdesign (a fact that enablesthe VASIMR to operate at much greater power densities).
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Figure 4: VX-10 Experiment at Johnson SpaceCerter[45].

Instead of heating (or accelerating)the ions with electrodes, VASIMR heatsthe ions by the
action of electromagneticwaves, similar to a microwave oven. Therefore, contamination is

virtually eliminated and premature failures of componerts are unlikely. A magnetic eld is

usedto trap thesehigh temperature particles.

With its long lifetime and reliability, the VASIMR engineis expected to be used for

many purposesincluding:

Boosting satellites to higher orbits.

Retrieving and servicing spacecraftin high Earth orbits.

Course correction and drag make-up for spacestation.

Human and robotic missionsto other planets.

A more preciseexplanation of the mecdanics of the VASIMR engineis introducedin the

next section.
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3.2 Mechanism

Rocket thrust, T, is measuredin Newtons (kg m/s?) and is the product of the exhaust

velocity relative to the spacecraft,c(m/s), and the rate of propellant ow, m(kg/s).
T= mc: (48)

The negative sign shows that the direction of the thrust is opposite to the direction of
the exhaust velocity. The samethrust is obtained by ejecting either more material at low
velocity or lessmaterial at high velocity. The latter savesfuel but generally entails high
exhaust temperatures.

The rocket performanceis measuredby its speci ¢ impulse, or | sp, Which is the exhaust

velocity divided by the accelerationof gravity at sealevel, go(9.806m/s?), as

(49)

o

Isp:

The speci ¢ impulse is a rough measureof how fast the propellant is ejectedout of the back
of the rocket. A rocket with a high speci ¢ impulse doesnot needas much fuel as a rocket
with alow speci ¢ impulse to achievethe same V. Although thrust is directly proportional
to Isp (becauseT = mc and ¢ = golsp), the power neededto produce it is proportional
to the squareof the |s,. Therefore the power required for a given thrust increaseslinearly
with |sp. Theserelationships can be expressedn the following equation:

_Tec

1 1 . .
P; = “golspT= >5mgilg, whereP; is the jet power. (50)

2~ 2 2
Chemical rockets obtain this power through the exothermic reaction of fuel and oxidizer.
In other propulsion systems,the power must be imparted to the exhaust by a propellant
heater or accelerator. Solar panelsor nuclear reactors may be usedto generatethis power.
The greatestadvantage of the VASIMR engineis that it can changeits thrust level and
speci ¢ impulse at a constart power level by changing the amount and the velocity of the
exhaustions. This is how VASIMR modulates its thrust and | sp.

VASIMR usescharged particles called plasma as a sourceof thrust. The temperature

of the plasmarangesfrom 10,000K to more than 10 million K. At thesetemperatures, the
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Figure 5: Synoptic View of the VASIMR Engine[22].

ions move at a velocity of 300,000m/s. This is 60 times faster than the particles in the best
chemical rockets whosetemperature is only about a few thousand K.

For a given jet power P;, the relationship betweenthrust T and |sp is expressedas
P; = % T Isp 90. When the power is set constart, thrust and |, are inversely related.
Increasing one always comesat the expenseof the other.

As shown in Fig. 5[22],the VASIMR rocket systemconsistsof three major magnetic cells
called \forw ard,” \central,” and \aft." First, a neutral gas,typically hydrogen, is injected
from the injector to the forward cell and ionized by the helicon antenna[5].

Second,this charged gasis heated to reac the desired density in the engine'scertral
cell. This heating processis done by the action of electromagneticwaves, which is similar
to what happensin a microwave oven. The plasmais trapp ed by the magnetic eld that is
generatedby the magnetic coils sothat it can be heatedto 10 million K.

Third, heated plasma enters the nozzleat the aft cell, where the plasma detaches from
the magnetic eld and is exhaustedto provide thrust.

VASIMR can changeits thrust and Is, by changing the fraction of power sert to the

Helicon antenna vs. the ICRH antenna (SeeFig. 6). The helicon antenna is usedto ionize
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Figure 6: Power Partitioning and Relationship betweenThrust and | sp.

gasinjected from the gasinjector. The ICRH (ion cyclotron resonanceheating) antenna
heatsthe gasand acceleratethe particle beforetheseparticles are exhaustedto space.When
more power is sert to Helicon antenna, more gasesare ionized, which meansmore ions are
ejected. But becausethe total systempower level is constart, power sert to ICRH antenna
decreaseswhich meanstheseions exit with alower velocity. Theselow speed,large quartit y
of ions act as a sourceof a high thrust, low Isp engine. On the other hand, when lesspower
is sert to the Helicon antenna and more power is sert to the ICRH antenna, small amourt
of gasesare ionized and they are acceleratedto a higher exit velocity. These high speed
ions act as a sourceof a low thrust, high Isp rocket engine.

In the absenceof any constraints on the time required to perform a givenorbital transfer,
it is always optimal to operate the engine at its highest possible speci ¢ impulse value.
Howevwer, if time is important, then it may be bene cial to trade some of the specic
impulse in return for high thrust[72].

As mertioned in Chap. 1, the choice of the combination of the thrust and | s, could be
consideredin a similar way to an automobile transmission. Initially the spacecraftneeds
high thrust so that it gets enough speedto begin the transfer. This is similar to a car
starting with low gear from rest. As the spacecraft's speed increases, | s, is allowed to
gradually increaseand therefore thrust decreasedor higher fuel e ciency, just as a car

shifts up its gearasits speedincreases.
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3.3 Choosing the Power Level

In the last section, the operational power level is assumedto be maximum (therefore con-
stant). As explained so far, a VS| spacecraftneedshigh thrust near the departure planet
and target planet, but low fuel consumption is desirablefor the rest of the path. VASIMR
has two options to lower fuel consumption: either by increasingl sp while the power is kept
constart or by decreasingthe power level while |, is kept constart.

In this section, fuel consumptionat a power level other than the maximum is investigated
mathematically[49]. Then the reasonthe maximum power level should be always chosento
achieve the least fuel consumption is preseried.

The equation of motion of a spacecraftin a vacuum is given by

mf = me+ mg (51)

where t is the position of spacecraft, g is the acceleration of gravity, € is the exhaust
velocity, and m is the mass o w rate. The accelerationvector a due to the thrust T(= me)

is expressedas

a= — =t g (52)
For an electric-poweredion thruster, the jet power, P;, canbe expresseds, using thrust,

T, and exhaust velocity, c,

Tc
P; = —: 53
1= 5 (53)
SinceT = mc,
T2
P; = —: 54
% om (54)

Then for a givenjet power, the thrust versusmass o w rate curve of an ion rocket is written

as

p
T= 2mP;: (55)
This behavior is very di erent from that of a convertional constart exhaustvelocity rocket,

becausefor theserockets the thrust versusmass o w rate curve is

T= mc (56)
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Figure 7: Thrust vs. Mass Flow Rate for Figure 8: Thrust vs. Mass Flow Rate for
a CSl Engine. a VSI Engine.

asintroduced in the last section. Figs. 7 and 8 shaw the trend of thrust with respect to
mass o w rate for CSI and VSI, respectively.

The mass o w rate, on the other hand, is expressedas:

T
m = < for CSI (57)

2

m= —
- 2P;

for VSI (58)

Therefore, it is advantageousto have high exhaust velocity for CSI or high power for VSI
in order to minimize propellant consumption. Although the samelevel of thrust can be
achieved by di erent combinations of m and P; from Eqgn. 55, it is the best to chooseP;
at its maximum. This is becausem is at a minimum if P; is chosenat its maximum in
Eqgn. 58.

As is shawvn in Fig. 7, for a rocket with constart exhaust velocity, the thruster operates
at maximum thrust only becausec cannot be varied. Fig. 8 corresponds to the variable
c casefor a given power. The thruster can operate in Region I, and cannot operate in
Region|, sinceit correspondsto the power greater than the maximum power Pnax that the
thruster can exert. Note that it is not optimal to operate at a power level lessthan Pmax .
For the samethrust T, the operation at Phax depicted by point 2 results in the minimum
mass o w rate.

For a practical engine, becauseof the physical restrictions, there is an upper limit for

the exhaust velocity an engine can achieve, and this limit set an upper limit on Isp. As
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Figure 9: Thrust vs. Mass Flow Rate for a VSI Engine with Limitations.

shavn in Fig. 9, Region | that is unreachable by an engine is extended by the inclusion
of the boundary OB. This line is de ned by the physical constraints of an engine and it
corresponds to the equation T = mcmax, Where cmax is the maximum exhaust velocity
the rocket can achieve. Hence, line OB represens the maximum |sp. This boundary
is necessaryto prevert |sp from growing to very large values as the thrust is decreased
towards its minimum value. The minimum thrust magnitude the engine can have for Pmax

is de ned at point A.
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CHAPTER IV

PRELIMINAR Y STUD Y: COMP ARISON OF HIGH
THR UST, CONST ANT Isp, AND VARIABLE Isp WITH
SIMPLE TRAJECTORIES

Before proceedingto the actual interplanetary trajectory optimization problems, it is good
to start by cheding the advantages and disadvantages of a VSI engine over a CSI engine

or a high thrust enginewith simple examples.

4.1 Problem Formulation

A problem in this chapter is de ned as follows: How much fuel is required and how long
doesit take if a spacecraftorbiting around a planet leavesthe circular orbit to reac a point
P whosedistance from the planet's center is R?

Fig 10 shows an example of this trajectory. To conduct this study, forcesother than the
propulsive force from the spacecraftand the gravity forcesfrom the planet are neglected.
By doing this, the problem can be simplied suc that the fuel consumption and transfer
time depend only on the enginetype. The equations of motion and massof the spacecraft
are de ned asdi erential equations. By integrating these equations, the time of ight and

required propellant massto read the target are calculated. The typesof enginesconsidered

CSlI, VSI High thrust

Figure 10: Trajectories for Preliminary Study.
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Figure 11: Preliminary Study: |, for VSI and CSI.

in this study are high thrust, VSI, and CSI. For ead of the thrust types, trip time and
propellant massrequired to reach the point P are compared. A shorter trip time and a
smaller amount of the propellant massare desired.

The thrust vector is assumedto be tangential to the path.

For high thrust, two-body orbital medanics is applied. For that case,the spacecraft
doesnot follow the spiral trajectory but the trajectory follows either an ellipse, a parabola,
or a hyperbola. The least energy required (but the longesttrip time required) trajectory
for high thrust is an ellipse with its apoapsis (farthest point from the planet) located at
P as shown in Fig. 10. It is assumedthat the spacecraft res an instantaneous burn at
the periapsis (closestpoint from a mass) and follows the half-ellipse toward the apoapsis.

V at the departure is usedto calculate the required propellant massin the following way:
with Isp specied, mp = mo(A 1)=A, where A = exp( V=(do Isp))-

For low thrust with constart I, (CSI), Isp values of 3,000, 5,000, and 8,000 seconds
are considered. The trip time required to reac the point P is obtained by propagating
the equations of motion. From the trip time, propellant massconsumedis calculated as
mp = 2t P3y=(go lsp), Wheret is the trip time, Py is jet power of the thrust, and go is
9.806m/s?.

For low thrust with variable I s, (VSI), it is assumedthat the thrust is allowedto change
linearly with time asshown in Fig. 11. The starting thrust and the slope of the thrust with

respect to time are adjusted so that the spacecraftreacesthe point P with a least trip
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time. Also, the starting thrust and the slope are set sothat the required propellant massis
constrainedto be the sameamount asthe CSI| cases.Hence,there are three VSI caseshat
are corresponding 3,000, 5,000, and 8,000 secof CSI cases.The fuel consumption for eac
VSI caseis the sameasthe fuel consumption for eat CSI case.

At rst a CSl with certain | sp caseis calculated and the propellant massis computed.
Then a VSI caseis computed by adjusting the slope and the initial |, sothat the required
propellant mass equals the CSI casewith an I, of 3,000 sec. By doing this, only trip
times should be compared when comparing CSI and VSI, with the shorter trip time case
consideredto be better than the longer trip time case.

The following casesare considered:the distance betweentwo point massesR, is setto
100 DU, 500 DU, and 1,000 DU. \DU", or Distance Unit, is de ned as the radius of the
planet. Initial massesof 5 MT, 10 MT, and 20 MT are considered. The jet power is set
to 500 kW for VSI and CSI engines. The values of time of ight for VSI, CSI, and high
thrust are comparedand the amount of fuel saved (or increased)is calculated when a VSI
enginewas used. Time of igh t is measuredin TU, or Time Unit. TU is de ned sud that
the speed of the spacecraftin the hypothetical referencecircular orbit (whoseradius is 1
DU) is 1 DU/TU. Then the value of the gravitational parameter, , will turn out to be 1
DU3/TU 3. TU and DU are called canonical units[12].

Becauseonly two-dimensionalcasesare considered,the equationsof motion of the space-

craft in Cartesian Coordinates are

X = u (59)

y = v (60)
X T,

u = =] + EX (61)
- y . T

v = 3 + Ey (62)

(63)

where is the gravitational constart (1 DU3/TU 3), and r = (x? + y?)1%2; T, and Ty are

the x and y componernts of the thrust; m is the massof the spacecratft.
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Figure 12: Results: R = 100DU, mg = 20 MT, P; = 500 kW.

4.2 Results

Fig. 12 shaws the comparisonof propellant massand time of igh t for high thrust, CSI, and
VSI whenR is 100TU, initial massis 20MT, and jet power is 500kW. For high thrust, three
di erent realistic |sp casesare computed, resulting in a decreaseof the required propellant
massas | gp increases.

For low thrust cases,CSI casesare rst computed. Then, as explained above, VSI cases
are computed sothat fuel consumption becomeghe sameamourt of that of CSI cases.The
slope and the initial 1sp of the linearly increasingls, are adjusted so that the spacecraft
reachesthe point P with the shortest trip time.

Fig. 13 shows the I sp histories of VSI and CSI when | s, for CSl is 3,000sec. | s for VSI
starts at 2,427 secand endsat 3,605sec. This gure shaws that time of ight for VSI is
133 TU shorter than CSI.

As can be seenfrom Fig. 12, the high thrust trip time is the smallest, and the trip
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Figure 13: Iy histories for VSI and CSI when CSl | p is 3,000sec:R = 100DU, m0 = 20
MT, P; = 500 kW.
time for 8,000 secconstart |y is the longest. When I, is high, thrust is low. Soit was
expected that 8,000 secof |5, takeslonger to readh the point P than both 3,000 secand
5,000seclsp cases.But because8,000seclsp is more e cien t than others, it requiresthe
least propellant. When the thrust (therefore | sp) is modulated, as shown in the gure, the
trip time decreasesFrom this result, it is possibleto say that higher thrust is desirablein
the vicinity of the attracting body while most of the power should be usedto escape from
the gravity well of the attracting body. Higher I is desirable when the spacecraftis far
from the attracting body and higher fuel e ciency is neededrather than higher thrust.

Fig. 14 and Fig. 15 are the results for R = 500 and 1,000 DU, respectively, with a 20
MT initial massand 500 kW jet power. For both casesthere is a similar tendency to the
R = 100 DU Case. When R becomesvery large, trip time for the high thrust becomes
very large too, and high thrust becomesworse for both propellant consumption and trip
time. This is becausewhen R becomedarge, the high thrust trajectory with the minimum
propellant mass becomescloseto a parabola. The velocity near apoapsis becomesvery
slow, and therefore it takesquite a long time to get to the target.

The above examplesare calculated by equating the propellant massfor CSl and VSI. If
trip time, instead of propellant mass,is equated and the results are compared, it is easily

guessedhat propellant massfor VSI becomessmallerthan that for CSI. That meansthat by
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Figure 14: Results: R = 500DU, mg = 20 MT, P; = 500 kW.

adjusting trip time and propellant mass,it is possibleto make both trip time and propellant
massof VSI shorter and smaller than those of CSI. Therefore, it is concludedthat, for this
simpli ed example,modulating thrust and speci ¢ impulse lowers either propellant massor
trip time, or possibly both.

Table 2 shavs the comparison of trip time for low thrust with a dierent Is, and a
di erent distance betweentwo attracting bodies, R. The maximum trip time decreaseis
about 11%if Isp is modulated. It is interesting to note that as R increasesthe benet of
modulating thrust increases.Consideringthe trip from Earth to Mars, the closestdistance
between Earth and Mars is about 0.5AU, or 11,728 DU. According to these results, the
benet of variable thrust should therefore be signi cant.

Next, instead of comparing by the travel distance, fuel requiremerts for di erent values
of the initial massare compared. Fig. 16 shows the results for an initial massof 5 MT,
R of 100 DU, and P; of 500 kW, and Fig. 17 shaws the results for initial massof 10 MT,

R of 100 DU, and P; of 500 kW. These gures show that for all cases,VSI is better than
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Figure 15: ResultsR = 1,000DU, mg = 20 MT, P; = 500 kWw.

CSI. Table 3 preseris the summary of the trip time savings for ead initial massand ead
I'sp. As the initial massdecreasesthe e ect of using VSI over CSl increases.Therefore, in
order to usea VSI enginee cien tly, having a lighter spacecraftis desirable.

These calculations were based on the equations of motion (Eqn. 51) introduced in
Sec. 3.3. The magnitude of acceleration is calculated as a = T=m from Eqn. 52, and
the relationship betweenthrust and jet power is T = P ~ 2mP; (Eqn. 55). Hence, halving
the massof the spacecraftdoublesthe magnitude of acceleration, and quadrupling the jet
power also doublesthe acceleration. That meansthat decreasingthe spacecraftmasshas
the samee ect asincreasingthe jet power.

To dealwith the e ects of the spacecraftmassand the power level on fuel consumption,
a parameter P=m, the power to massratio, is introduced. For the same power, smaller
massmakes P=m higher. For the samemass,higher power makes P=m higher. Therefore,
from the above discussionshaving a spacecraftwith high P=m is bene cial in reducing the

fuel consumption.
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Figure 16: Results: R = 100DU, mg = 5 MT, P; = 500 kW.
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Figure 17: Results: R = 100DU, mg = 10 MT, P; = 500 kW.
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Table 2: Trip Time Savings(Comparisonby Distance): (VSI - CSI)/CSI 100 (%)

I sp(sec)

R(DU) 3,000 \ 5,000 \ 8,000
100 -2.69| -1.55| -1.20
500| -8.26| -5.08 | -3.41

1,000 -11.29| -5.89 | -5.25

Table 3: Trip Time Savings(Comparisonby Initial Mass): (VSI - CSI)/CSI 100 (%)

I sp(Sec)
mo(MT) || 3,000 \ 5,000 \ 8,000
501 -5.71| -3.44 | -1.94
10.0|| -3.74| -2.19| -1.23
20.0|| -2.69| -1.55| -1.20

In summary, from the preliminary study conducted in this chapter, these conclusions

have beenobtained:

The merit of using a VSI engineincreasesas the travel distance increases.

Increasing the power to massratio P=m positively a ects using a VSI engine over a

CSl engineor a high thrust engine.

In the following chapters, actual interplanetary trajectories are studied and the fuel
requiremerts are investigated. If the above conclusionscan be applied to the actual tra jec-
tories, using a VSI enginefor a transfer from Earth to Jupiter is more e ectiv e than from
Earth to Mars. Further conclusionsare that a lighter, higher-powered spacecraft (higher

power to massratio) is relatively more desirablefor a VSI propulsion system comparedto

a CSl propulsion system.
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CHAPTER V

INTERPLANET ARY TRAJECTOR Y OPTIMIZA TION
PR OBLEMS

5.1 Assumptions

Consider a spacecrafttravelling from one planet to another. The spacecraft, leaving from
the departure planet, must control its thrust direction to read the target planet. In addition
to the thrust direction, a VSI engineshould control its thrust magnitude, and a CSl engine
that is capableof turning the engineon/o should control the switching times.

Normally, a spacecraftlaunched from the ground with a launch vehicle takeseither one

of the following steps.

If the launch vehicle is not powerful enoughor the spacecraftneedsdocking or other
on-orbit operations, the spacecraftis placedin Earth orbit at rst, and then it boosts

to escape the Earth's gravity well.

If the launch vehiclehasenoughpower to sendthe spacecraftout of the Earth's gravity

well, the spacecraft ies directly to the target.

In either case,at rst the spacecraft'smotion is a ected by the Earth's gravitational
force. Then as the spacecraftgoes farther away from Earth, the gravitational force from
the Earth becomessmaller and the force from the Sun becomesdominant.

In actual missions, while the spacecraftis travelling from one planet to another, it
is subject to various forcesincluding its own thrust, a gravitational force from the Sun,
and gravitational forces from all the planets and satellites, and other planetary bodies.
However, most of those forcesare very small comparedto the forcesfrom the Sun or nearby
planets, and therefore most of the forces can be neglected. For example, a gravitational
force from Pluto a ecting a spacecrafttravelling from Earth to Mars is too small and it can

be neglected.
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Figure 18: Sphereof In uence of m, with respectto mj.

When analyzing a low-thrust interplanetary tra jectory, an approximation technique sim-
ilar to the patched conic concept[37]for high-thrust trajectory is often used. An ertire
trajectory is divided into seweral phasesand they are analyzed separately so that a space-
craft is only subject to one gravitational force from one attracting body. The endpoint
conditions of eat part of trajectory comefrom the endpoint conditions of other parts, and
after completing the calculation of ead part, the results are combined together. This is
to avoid solving complex multi-b ody problems. For example, with a Mars missionthe rst
phasewill be a geccertric trajectory as the spacecraftescapes from the Earth's gravita-
tional attraction. The secondphasewill be a heliocertric trajectory for the transfer from
Earth's orbit to Mars, and the third phasewill be an approad trajectory with Mars asthe
attracting force. In this casethere will be two patchesand at eat patch the velocity is

calculated with the conceptof the "sphee of in uenc €37]."

The Sphere of Inuence  Supposea spacecraftwith massm is travelling in a gravita-
tional eld formed by a larger body (usually the Sun) with massmi and a smaller body (a
planet) with massmy asshown in Fig. 18. The force exerted by m, on m is

Gmm
Frmm, = TZ (64)
2

wherer is the distance betweenthe spacecraftand the massm,. Similarly the force exerted
by m; onm is

Fmm, = % (65)
where rq is the distance betweenthe spacecraftand the massm;j. Then the ratio of the

forcesis
Fm, - N ’ m2 (66)
Fm, ro mg
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The sphereof in uence (or SOI) is de ned asthe region in which the force exerted by the
smaller mass,my, is much greater than that exerted on m by m1, we can think of the edge
of the SOI at r, as being establishedwhen the ratio of the forcesis approximately a tenth
(Fm,=Fm, = 0:1). The approximate expressionfor the radius of the SOI is then

1Om2 0:5
my

] (67)

wherer is the distance between massmi; and massms,. Usually the radius of the SOl is

expressedn the following empirical manner:
sor =1 — (68)

For example, the radius of the SOI for the Earth with respect to the Sun can be calculated

as 0.00618AU or 924,500km using Eqn. 68.

Supposethat, a spacecraftis launched and when it reachesthe edgeof the SOI and it
has a velocity V £, with respect to Earth, whosevelocity is VE“” with respect to the Sun.

Then the spacecraft'svelocity with respect to the Sun at this momen is
VU = VAU + RIE! Sun]VE (69)

where R[E ! Sun] is a transformation matrix from the Earth-centered coordinates to the
heliocertric coordinates. The spacecraftvelocity with respect to Earth at the SOI, VE,, is
often written asV 1 .

In this researd, instead of calculating V 1 by integrating the equationsof motions inside
the sphereof in uence, the planet's gravity is ignored, and a parameter C3 is used. This is
the squareof V; (p C3 = V; ) and expresseshe twice of the kinetic energyof the spacecraft
per unit mass (km?/s?) at the edgeof the SOI. This Cz value is often given as a launch
vehicle parameter, and with this value V ; is calculated, and then the initial velocity of the
spacecraftwith respect to the Sunis calculated with Egn. 69. And ewen if the magnitude
of C3 is the samefor two missions, the velocity of the spacecraftwith respect to the Sun
may be di erent becausethe direction of the motion of the spacecraftat the edgeof the

SOl may bedierent.
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As for the position of the spacecraftwith respect to the Sun when it is the edgeof the
Earth's SOI, another approximation is usually taken by assumingthat the spacecraftis at
the certer of the Earth. As shawvn above, the radius of the SOI for the Earth is 0.00618AJ,
the error induced by this approximation is consideredto be small enoughto be neglected.

The samediscussionis applied to the arrival planet. Final velocity at the arrival planet
is calculated by the predetermined C3 value. The nal position is setto be the certer of the
arrival planet at the momert. Of coursein real life the spacecraftmay circularize around
the planet and/or land on the ground after complicated operations, but these schemesare
not dealt with this researd.

Therefore, in this researt, the planetocertric phasesare neglectedand only interplan-
etary trajectories are considered. That meansthat the spacecraftis rst placed in the
position wherethe Earth's certer exists, and its velocity is calculated by the C3 and the ve-
locity of the Earth. The spacecraftdeparts from the Earth's position with Earth's velocity
without gravitational pull from Earth asif there is no Earth.

We should be careful when neglecting planetocertric phases. When using low thrust
propulsion systems,it may take a long time and require someamourt of fuel to escape from
the departure planet's gravity well. Time and fuel may alsobe required for orbital insertion
at the arrival planet. The time of ight in this resear®n doesnot include these times of
igh t for spiral-in and spiral-out phases.The fuel requiremerts are also neglectedfor these

phases.

The spacecraftcortrols in-plane thrust angle and the out-of-plane thrust angleto reach
the target planet. For a VSI engine,thrust magnitude is also a cortrol variable in addition
to thrust direction.

At the end of the mission, the target position is the certer of the planet, and the nal
velocity is calculated from C3 at the target planet and the velocity of the target planet with
respect to the Sun.

Another approximation usedin this researt is that the spacecraftis assumedto be a

point massejecting fuel from it to gain thrust. There is no attitude cortrol problem, and
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the thrust direction is assumedto be able to turn instantaneously.

With those approximations and assumptionsstated above, for a giventime of igh t, the
fuel consumption is calculated for ead type of engineand for ead mission.

To expressthe state of the spacecraft,x, y, z componerts of position and velocity vectors

in the Cartesian coordinates are used.

X = u (70)
y = v (71)
zZ = w (72)
u = rx_3+ In_x (73)
v L4l (74)
w= Zs+= 79

where isthe gravitational constart, r = (x?+y2+22)%; T,, T,, and T, arethe componerts
of the thrust; m is the massof the spacecraftat the momert.

The merit of using this set of state variables are that these can be usedfor any type of
trajectory (elliptic, parabolic, or hyperbolic).

There are someother setsof variablesthat expressthe state of the spacecraftsuch asthe
six classicalorbital elemens (the semi-mgor axis a, the ecceirtricit y e, the inclination i, the
longitude of ascendingnode , the argumert of periapsis! , and the meananomaly M) or
equinoctial orbital elemens (a= a, h= esin(! + ), k= ecoq! + ), p= tan(i=2)sin,
g = tan(i=2)cos, andL = + ! + )[13 ]. The equations of motion with the classical
orbital elemens can not be usedfor a trajectory if the inclination is zero or 180 degrees.
The equationswith the equinoctial orbital elemeris can be usedonly when the eccertricit y
is lessthan one.

In this researt, a trajectory with its inclination of zeroor 180degreeanay be met with,
sothe six classicalorbital elemeris are not desirable. Also, becausethere is a possibility for
atrajectory to becomehyperbolic, equinoctial orbital elemens cannot be used. Thereforein
this researd, position and velocity vectorsin the Cartesian coordinates are usedto express

the equations of motion of the spacecraft.
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5.2 Equations of Motion for Low Thrust Trajectories

From rocket propulsion fundamentals and using Newton's law for a variable massbody, the

equation of motion of a spacecraftis
mf = me+ mg (76)

where t is the vehicle position vector, g is the acceleration of gravity, € is the exhaust
velocity, and m is mass o w rate.

This equation of motion is expressedby a set of dierential equations for a position
vector+= [x y z]' andavelocity vectorV = [u v w]". The spacecraft'smassis also

obtained by a di erential equation for massm.
2 3 2

3
£ \%
f= gvé = E F=r3 + szz (77)
m T2=2P,

In this researd, the expressionfor the thrust vector T = [Ty T, T.] diers depend-

ing on the problem sothat ead problem is solved most e ectiv ely.

5.2.1 VSI { No Constrain ts on Igsp

For this problem, cortrol variables are the sameas the componerts of the thrust vector.

2 3 2 3
Uo Tx
. 0
uz T,
Then the equations of motion are
2 3 2 3
X u
Y v
z w
f=Ru%= x=r 3+ T,=m (79)
V. y =r¥+ Ty=m
W z =r3+ T,=m
m (T2 + T2+ T2)=2P,
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This type of problem can be solved with the method explainedin 2.3.2.
5.2.2 VSI { Inequalit y Constrain ts on Igp

For this type of problem, we usethe following cortrol variables:

2 3 2 3
Uo Ix
u [
w=8 7=8" (80)
U2 Iz
us T

where T is the magnitude of thrust, Iy;ly;l, are the direction cosinesof the direction of
thrust in the inertial frame, and are subject to I + I7 + 12 = 1. Then the equations of

motion are

2 3 2 3
£ v
f= EV_% = § r=r3 + T'T:m% (81)
m T2=2P;:
The Hamiltonian of this systemis
H = = V. 57v r+T 7yT=m m T2=2P;
|
2
- - T ~vP; (T ~v)?P;
= Vo = T + . 82
' B3V F 2P; m m 2m2 (82)

According to the Pontry agin's maximum principle, the thrust vector must be selectedin
such a manner soasto maximize H at ead instant of time. Therefore, we chooset parallel

to “v. ThenTand T are expressedas

T T

=)
T = J VvV
m m

(84)

The vector Tis called the primer vector. The equationsof motion and the cortrol vector
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are 2 3 2 3

X u
Yy v 2 3 2 3
Uo Ix
zZ w
uq |y
f=Bufs=8 x=r3+1,T=m?; H= = ; (85)
uz P
2 y =r3+ |, T=m
us T
W z=r3+1,T=m
m T2=2P,

Therefore, solving this type of problem is the sameas nding the Lagrange multipliers.
5.2.3 CSI { Contin uous Thrust

For continuous thrust, the propellant massis proportional to the time of ight. That
meansthat for a xed time of ight the propellant massdoesnot change. The problems
dealt in this researd are xed time problems, sothe propellant masscannot be usedasthe

performanceindex. For this type of problem, the following performanceindex is used:

J = (u(tf) Ugar get)2 + (V(tf)  Viar get)2 + (W(tf) W get)2 (86)

and the terminal constraints are
2 3

X(tf)  Xar get
= gy(tf) Ytar geé =0 (87)
Z(tr)  Ztar get

Becausethe thrust magnitude is xed, there are two cortrol variables.
2 3 23

u=9 4=§ & (88)

where and arein-plane thrust angle and out-of-plane thrust anglein the inertial frame

asshown in
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Figure 19: In-plane Thrust Angle and Out-of-plane Thrust Angle in Inertial Frame.

Then the equations of motion are

2 3 2 3
X u
A v
z. W
f=BuZ=8 x=r3+ Tcos cos=m % (89)
V. y =r®+ Tsin cos=m
W- z =r3+ T sin =m
m T2=2P,

5.2.4 CSI { Bang-O-Bang Control

For this type of problem, the thrust level is restricted sothat it cantake either the maximum
value(Tmax ) or the minimum value(0).
BecauseT = 2P;=c the Hamiltonian can be expressedas follows using the primer

vector.

H Vv r_3~v ++T T “y=m n=cC

where S is the switching function

S=T “y=m m=C (91)
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off

S

Figure 20: Switching Function and Switching Times for Bang-O -Bang.

To maximize the Hamiltonian, we choosethe thrust level according to the switching

function. 8

SWhenS> 0; T = Trax
(92)

-gwhenS< 0,T=0

The equations of motion and the cortrol vector are the sameas the VSI constrained

case. 2 3 2 3

X u

Yy v 2 3 2 3
UO IX

z w

f=8Bu%=8 x=r3+,T=m?: t= = (93)

uz P

V. y =r3+ 1, T=m
us T

W z=r3+1,T=m

m T2=2P,

5.3 Solving the High Thrust Trajectory

When a high thrust propulsion system (mostly chemical) is used, usually burn time is
very short comparedto the ertire mission duration. At the beginning of the mission the
spacecraft res an engineto accelerateto gain enoughvelocity to reac the target planet,
and onceit reades near the target planet, it burns again for such as an orbital insertion
or a landing. This burn processcan be simulated with two instantaneous burns at the
beginning and at the ending, and the rest of the time the spacecraftis assumedto obey
Newton's law. Therefore a high thrust trajectory can be solved without integrating the

eqguations of motion oncewe know positions of the planets. Gaussproblem (or Lambert's

47



Figure 21. GaussProblem: Direction of Motion for the SameVectors and the SameTime
of Flight.

problem) solvessud a trajectory.

Gauss Problem[12 ] The Gaussproblem (or Lambert's problem) is de ned as follows:
Find v, and ¥ from given 1, -, the time of ight t from = and #, and the direction of
motion.

Although there are an in nite  number of orbits passingthrough r; and f, there are
only two which have the speci ed time of ight. The two vectors+; and f uniquely de ne
the plane of the transfer orbit unlessthey are collinear and in opposite directions( =

is the angle betweent; and ), and the relationship between four vectors 1, 5, ¥,

and v, are expressedby two scalar functions f , g, and their time derivativesas follows:

2 = fr+gwn (94)

¥, = f2 ff (95)
g

v, = fe+gw (96)
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where

f =1 r—2(1 cos )=1
P s __
rirssin a3
= — =t —
g 5 (
r _
fo = —tan — cos
p 2 p
ri
g =1 6(l cos )=1

E(1 cos E) (97)
r
E sin E) (98)
p___
- (99)
r. r2 rarz
ri(l cos E): (100)
2

Here a is semi-mgor axis, p is semi-latus rectum, and E is di erence of the eccetric

anomaly that correspondsto

The above expressionis not for any conic sectionbut only for ellipsebecausehe eccertric

anomaly E is de ned only when the eccertricit y is lessthan one.

To solve trajectories with any eccertricit y, another expressionis required. For this

researh \Solution via universal variables" is used.

Solution via Univ ersal Variables[12 ]

100 are expressedas follows:

Using universal variables x and z, Eqn. 97 to

2

f = 1 20 cos )=1 Xc (101)
p ry
i 3
g = ”rzsg =t p_S (102)
r_ p_
= _@dcos ) 1cs 1 1 _ " a8 (103
p sin p r{ ro rarz
2
g =1 If—l(l cos )=1 * ¢ (104)
p )
Solving for x from Eqgn. 101, we get
s
riro(1  cos )
= : 105
T (105)
Substituting for x in Eqn. 103 and cancelling P ‘=p from both sides,yields,
r
1 1 1 1 1 1
.cos cos 11 _ cos ( pES): (106)
sin p r{ ro riro C

If we multiply both sidesby rir, and rearrange, the following expressionis obtained:

riro(1 cos
p

)

=rq1+1ry
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If we de ne parametersA andy as

p____ .
A = pazsin (108)
1 cos
y - rara(l IOcos ) _ [+ A(ipé_s); (109)
X is expressedas "
y
= Z 11
x= & (110)
and Eqgn. 102 becomes
P—t=x3s+ 129N = 354 APy (111)
Then equations 101, 102, and 104 become
f =1 YL (112)
r 1
g=A 7 (113)
g=1 2 (114)
ra
Sincet, = f#+ + gvq, ¥1 and ¥ can be computed as
2 fr
= (115)
g
¥ = fg+0gw = g_Fzg 1Ll: (116)

The numerical method of computing the Gaussproblem is explainedin the next chapter.

5.4 Problems with Swing-by
5.4.1 Mechanism

The use of swing-by is a technique that is referred to as \gravity assist"[37]. Studies of
interplanetary ight with gravity assistmaneuwers are known to deal with caseswhere the
spacecrafton its way from onecelestialbody to another approacesa third attracting body,
which brings about a signi cant changein the spacecrafttra jectory[53]. The useof swing-by
may reducethe propulsive velocity budget, and the medanism is explainedin the following

manner.
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Assumea spacecraftertering an SOI of a planet with incoming velocity V 1 ,, a velocity
vector with respect to the planet. V1, canbeexpressedasVi, = V' Vi, whereV ! is
the heliocertric velocity of the spacecraftand VH is the heliocertric velocity of the planet.
If no propulsive force is added, the energy of the swing-by trajectory with respect to the
swing-by planet remains constart, so the magnitude of the outgoing velocity magnitude
V1 , is equalto the incoming velocity magnitude Vq (= jV 1 ,j) but the direction hasbeen
changed. Therefore, the outgoing \helio certric* velocity VH (= V1, + VH) is not equal
to V', in both magnitude and direction. That meansthe spacecrafteither increasesor
decreasedts energy with a planetary swing-hby. Using the equation of the consenation of

the energy:

where msc and my, are the mass of spacecraftand planet, and E, and Esc are the
energy change due to the swing-by for spacecraftand planet, respectively, then the energy
the spacecraftgainedis

Mp

SC

A Mercury swing-by producesthe largest energy changebecauseof its highest heliocen-
tric velocity amongall planets, and a Jupiter swing-by givesthe largesttrajectory de ection
for a given V1 becauseof its largest mass.

Next, generalexpressionsfor the planetary swing-by are developed.

5.4.2 Equations of Motion

Supposethat the position and velocity of the spacecraftin the heliocertric coordinate system
(£, and V1) are known at the momert (time t;). It enters the sphereof in uence of a
swing-by body whoseposition in the heliocertric coordinates is Fp’}l = tpi(t1) and velocity
is Vi) = Vpi(ta)(seeFig. 22)[53.

The coordinates are transferred from heliocertric coordinates to planetocertric coordi-

nates and the position and velocity vector of the spacecraftwith respect to the swing-by
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Figure 22: Schematic Diagram of Forming of Gravity Assist Maneuver.

planet(x? and V.?) are obtained.

scl scl
£P= ayizid" =R pIRY wl); P = rson (119)
V2 o= [uiviwdT =R PR W) (120)

Here rso; is the radius of the planetary sphere of inuence and R[h ! pl] is the
transformation matrix from heliocertric coordinates to planetocertric coordinates at this
momert.

The speci ¢ energy of spacecraftE, speci c angular momertum H, eccerricity , and

semi-mgor axis a of the hyperbolic trajectory are expressedas

2 2
E = VA2 =rso VA= (121)
H o= Vel (122)

2EH 2
= 1+ — (123)

pl

a = pl=2E (124)
where = P r{v: (f1 w1)2=v is the impact parameter(v; = jvSE{j), that is the aiming

point distance of the spacecraftswing-by from the certer of the planet. Then the closest

approad distance betweenthe spacecraftand the certer of the swing-by planet, ry, is
rr=al ): (125)

The gravity assistmaneuwer results in a rotation of the spacecraftvelocity vector after
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\

Figure 23: Swing-by: Inside the SOI.
hyperbolic yb y of the planet. The angle of rotation of the spacecraftvelocity is

— pl .
= 2arctan v (126)

To determine the coordinates of the spacecraft\exit" point on the sphereof in uence, the
following relationships are used(SeerFig.23):

= 4+ 2 ; = arcsin——: (227)
I'sol

Here p is the gravitational parameter of the swing-by planet, vi = (V2 2 p=r})}*is
the hyperbolic excessvelocity of the spacecraftat the swing-by planet. Becausethere is no
propulsive energy added to the spacecraftinside the SOI, vi = jV.2j = jv.,%j. Note that

the following restriction may be imposedon

2

_ pl .

min = fppin 17+ PR
Pmin Y1

(128)

whererp . is the minimum admissible distance in the periapsis of the swing-by parabola
and is determined by

Momin = Tpl + hatm (129)

wherery, is the radius of the planet and ham is the height of the atmosphereif one exists.

With above expressionsfor and , coordinates of the spacecraftexit point from the

sphereof in uence, FS%IZ = [x2 y2 z2]", and the coordinates of the spacecraftvelocity in the
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planetocertric coordinate system, ngzl = [uz v2 W2]", can be written as:

2 3 2 3
X2 X1

‘“srélz = gyéz ( )1“5@1: )gyé (130)
22 Z1
2 3 2 3
uz Ui

ASE §w§= ERVAE ()ng (131)
W2 W1

The transformation matrix is written as
2 3

hyhy(1 cos )+ cos hyhy(1 cos ) hzsin  h;hy(1 cos )+ hysin
= ghxhy(l cos ) + h;sin hyhy(1 cos )+ cos hyhz(1 cos ) hysin %

h,hy(1 cos ) hysin hyh,(1 cos )+ hysin h,h,(1 cos )+ cos
(132)

where [hy, hy, h;] are the unit vector of angular momertum, 2, v.2=jrP  v.Aj.
The duration of the spacecraftmotion in the swing-by planet's sphereof in uence can

be derived from

s
as .
t = 2 — c¢sc=sinhH H (133)
pl 2
coshH = 1+ 29 gin_ 134
S S5 (134)
2 2 1
a= A1 _° (135)
pl  Tsol

Therefore, the spacecraft,entering the sphereof in uence at time t; with position rshCl
and velocity V. in the heliocertric coordinates, leavesthe sphereof in uence of the swing-
by planet at time t, = t;+ t whoseposition is Fpﬂ‘z = fp(t2) and velocity is vplhz = Vo (t2).
The spacecraftposition r fl, and velocity V., at this momert (time t;) is expressedas

rd, = rlL+R[pl! hlr2 (136)

(VAL L+ Rpl! hvS

sc2

\Y/

. (137)

whereR][pl ! h]isthe transformation matrix from planetocertric coordinatesto heliocertric

coordinates at this momert.
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Usually the duration the spacecraftis inside the SOI, t, is assumedto be zero for
an approximation. This is possible becausenormally t is small comparedto the ertire

mission duration.
5.4.3 Powered Swing-by

A swing-by trajectory for a high thrust engine consistsof a seriesof conic sections. The
endpoint velocity requiremerts for eat leg are determined by the Gaussmethod. The time
of ight and position vectors of two planets for eat leg are required to conduct the Gauss
method. As explained in the last section, for a swing-by trajectory the initial velocity for
the next leg is calculated from the nal velocity of previous leg. In order to obtain the
required initial velocity for the next leg, the impact parameter and the inclination of the
hyperbolic trajectory inside the SOI are adjusted. However, sometimesthe required initial

velocity cannot be achieved if the nal velocity of previouslegis too fast or too slow. Then

an additional V should be added during the swing-by maneuver.

N
— Vs
AV
A
o T—— S

swing-by

planet O

71: Final vell,,o"’city of previous leg
— .
Vv, Velogity after swing-by

V,:.Required initial velocity for the next leg

T A\ Required delta V
/‘71 ( All parameters are in the )

planetocentric coordinates

Figure 24: Geometry of a Powered Swing-by Maneuver.

Supposethat the nal velocity of previouslegin the Heliocertric coordinates is V1, and
after a swing-by maneuwer the exit velocity at the exit point from the SOI is obtained as
V> in the Heliocertric coordinates (seeFig. 24). If the initial velocity for the next leg is

calculated as V3 with the Gaussmethod, an additional burn is required, and it is calculated
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as V=V; V.
The only way to adjust V is to adjust the entry point at the SOI becausethe nal
velocity of previous leg cannot be adjusted. Therefore, nding the minimum V for a high

thrust swing-by trajectory is equivalent to nding the proper entry point at the SOI.
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CHAPTER VI

DEVELOPMENT OF THE APPLICA TION \SAMURAI"

Using all of the techniquesintroduced through the last chapter and in the Appendix C, a
numerical analysis software application \ SAMURAI" { Simulation and Animation Model
Usedfor Rockets with Adjustable Iy, { has beendeweloped in C++. SAMURAI simulates
interplanetary trajectories with di erent typesof propulsion systems. In this chapter, ca-
pabilities of SAMURAI, classeamplemented in SAMURAI, and the o w of calculation are

introduced. A full description of input data is in Appendix D.

6.1 Overview
6.1.1 Capabilities

SAMURAI is an interplanetary trajectory optimization application that calculates the
thrust history (thrust magnitude and direction) for a prescribed condition (initial posi-
tion and velocity, target position and velocity, and time of ight). Seweral typesof engines
can be analyzed. SAMURAI utilizes a calculus of variations algorithm to evaluate the con-
trol history that minimizes the fuel consumption for a transfer trajectory from one planet
to another. A trajectory with a planetary swing-by can also be calculated.

SAMURAI directly integratesthe equationsof motion for a spacecraftto determine the
spacecraft'spath. Normally, low thrust applications employ perturbation techniques that
require the thrust level to be very small. BecauseSAMURAI doesnot useany perturbation
techniques, it can calculate tra jectories with any thrust level.

The enginetypes SAMURAI can deal with are the following:
VSI enginetype | (variable thrust and variable | sp, no limit for Igp)
VSI enginetype |1 (variable thrust and variable | sp, with an upper limit for |gp)

CSl enginetype | (constart thrust and constart |sp, cortinuous burn)
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CSl enginetype Il (constant thrust and constart |sp, bang-o -bang cortrol)
High thrust engine (idealized instantaneousburn)

Fig. 25 shavs examplesof thrust histories for these engines. A VSI enginetype | can
modulate its thrust and Isp without limit. Without an upper limit, the Is, for this type
of enginemay sometimesreadc very high value, such as seweral hundred thousand seconds,
which is impossibleto achieve. In reality, there are somephysical constraints on an engine.

For a VSI type Il engine userscan specify an upper limit for Is, in order to simulate
sud a constraint. For both VSI enginetypes,the poweris xed at its maximum level. Note
that imposing an upper limit on |, is the sameasimposing a lower limit on the thrust.

A CSl type | engine operateswith a given thrust magnitude throughout the mission,
so total fuel consumption is proportional to the time of ight. SAMURAI calculatesthe
minimum thrust level while satisfying the target conditions.

A CSltypell enginecanturn its poweronand o to avoid unnecessaryfuel consumption,
resulting in a bang-o -bang control. Usersneedto input the thrust level of the engine so
that the switching times will be calculated.

The high thrust enginemodeledin this researt is a represenativ e enginethat res for
in nitesimally small amourts of time at departure and arrival. Usersneedto specify the
value of I gp.

For these dierent types of engines, SAMURAI calculates a cortrol history (thrust
direction and magnitude) that minimizes the fuel consumption for a giventime of igh t and
given endpoint conditions (position and velocity vectors). Users can specify the endpoint

conditions with the following options:

If userswould like to usethe actual ephemerisdata of the planets, the departure date,
time of ight, ID number of the departure planet, and ID number of the arrival planet
should be input. From the departure date and time of ight, planets' positions and

velocities are calculated using the ephemerisdata.

If userswould like to create their own planets, positions and velocities of departure

and arrival points and time of ight are required. Thesevaluesare directly usedas
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the endpoint conditions.

In addition to calculating the trajectory for one value of the departure date and time
of ight, SAMURAI hasthe capability to conduct a grid seart with thesetwo parameters
by specifying the range of ead parameter. Then SAMURAI nds the bestlaunch date and
time of ight for the giveninitial and nal conditions.

Other input data required are jet power (W), initial mass(kg), and C3 valuesat depar-
ture and arrival which are introducedin Sec.5.1. Optional data may be input such asthe
maximum number of iterations or the tolerance for the corvergencecriteria to avoid a long

computation time and suboptimal results.

6.1.2 Performance Index for Each Engine

Sincethe target for VSI enginesis to minimize fuel consumption, we would like to maximize
the massat t;. Therefore, the performanceindex is expressedas the negative value of the

massof spacecraft:

J= m(t) ( = m(ty) and L = 0); (138)
subject to the endpoint constraints:
2 3 2 3
X(ti) X(tf)  Xtar get
y(ti) Y(tf)  VYiar get
z(t; z(t z
) are given, = X(tr) Xiarget = () zarget =0 (139)
u(ti) U(tf)  Utar get
v(ti) V(tf)  Viar get
w(ti) W(tf)  Wiar get

x(ti), y(ti), and z(t;) are position componerts of the departure planet, and Xar get,
Yiar get» @Nd Ziar get are position componerts of the arrival planet. If both Cs's at departure
and arrival are zero, X ¢ get IS the position and velocity of the arrival planet. If either one of
Cs's or both C3's are nonzero,then the best thrust direction at the endpoints is calculated

sothat it minimizes the fuel consumption. In sud a case,u(t;), v(ti), w(tj), and Utar get,
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Viar get» Wiar get @re not the velocity componerts of the planets, but the sum of the planet's
velocity and the velocity of the spacecraftwith respect to the planet (V1 ).

For CSI casesbecausethe fuel consumption is proportional to the ight time (tf t;),
the spacecraft mass cannot be used as the performanceindex. Instead, the performance

index and constraints are de ned as follows:

o 1
Minimize J = 2 (U(tf)  Utarget)® + (V(tr)  Viarget)® + (W(tf)  Wiar get)® (140)
subject to 2 3
X(tf)  Xiar get
= gy(tf) Ytar geé =0 (141)

Z(tr)  Ztar get
Becausethe thrust magnitude is xed for CSlI, the cortrol variablesare just the componerts
of the thrust direction.

For CSl typel, the minimum thrust level is obtained through an iterativ e process.If the
target conditions are not satis ed with atrial thrust level, a new optimization is performed
with a new, slightly bigger thrust level. If the constraints are satis ed, then a calculation
with a lower thrust level is performed. This processis iterated until the minimum thrust
level that satis es the constraints is found.

For CSl type I, a bang-o -bang thrust prole is created with the switching function
introducedin Sec.5.2. Switching times (on! o ando ! on) that satisfy Eqns. 138and
139 are calculated.

For high thrust, the Gaussproblem is solved to obtain the endpoint velocities for the
input time of ight. No optimization processis required unlessthe two endpoint vectors
are collinear. When the two endpoint vectors are collinear or almost collinear, endpoint

velocity vectors are computed using Powell's moethod sothat total V is minimized.

6.2 C++ Classes

SAMURAI contains 20 classes.The important classesare introduced here.

Appli classcortrols all of the classes.This classcreatesall the classesjnitializes them,
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and then starts calculation. After the minimum-fuel tra jectory is obtained, Vrml class

is called and a VRML le is created.

Inp classreadsinput data. All of the input parametersare chedked and if an inap-
propriate parameter is found, it endsthe program. In this class,all the input data is
corverted into canonicalunits: km! DU, day orsecond TU, kg! non-dimensional

etc.

Calc classcortrols the grid seard procedureand calculatesthe overall minimum-fuel
trajectory for an input range of departure date and time of ight. Departure date
and time of ight are setin this class,and they are sert to Mission classin which the

optimal trajectory for a given departure date and time of ight is calculated.

Mission class cortrols the calculation of the minimum-fuel trajectory for the time
interval that is sent from Calc class. At rst the planets' positions and velocities are
calculated with Planet class. Then the spacecraftvelocity at the initial point and nal
point are calculated. These endpoint conditions are usedas the initial condition and
the target condition of the optimization problem. An iterativ e procedureis required

until the minimum-fuel trajectory for the time interval is found.

Phaseclasscalculatesthe minimum-fuel trajectory for a given initial condition, nal
condition, and time of igh t sert from Mission class. This classis implemented for eath
phase(trajectory from one planet to another). Therefore, for a swing-by trajectory

calculation, this classis called twice from Mission class.

Powel class conducts Powell's method. This classis used for seweral optimization

schemesas explained in Chap. C.
Line classconducts a line seard, using three-point quadratic approximations.

Opt classhandles optimal cortrol processeswith the rst-order gradient algorithm.
From initial state variables and an initial guessof the control history, an optimal

cortrol history that minimizes the cost function is calculated.
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Ode classsolvesordinary di erential equationswith the Runge-Kutta method. With
state variables at initial time and histories of the cortrol variables throughout the
propagation period, a history of state variables are calculated by integrating the dif-

ferertial equations.

Func classcortains required functions. Di erential equations for spacecraft'sequa-
tions of motion, the derivativesof these equationswith respect to the state variables
and cortrol variables, and other equations to conduct the optimization processare

stored in this class.

HighThrust classcalculates a high thrust trajectory using the Gaussmethod. From
two position vectors of planets and time of ight, velocity vectors at the initial and
nal points are calculated. If the two position vectors are collinear, Powell's method

is usedto minimize the fuel requiremert asexplainedin Chap. C.

Planet classcalculates a planet's position and velocity. With the input Julian date,
the position and velocity at that instant are calculated using the functions stored in

this class.

Swingby class cortrols the swing-by process. With the incoming velocity vector ob-
tained from phasel and a guessedralue of the impact parameter, the outgoing velocity
vector is calculated. This velocity is usedas the initial velocity of the transfer orbit
for phase2. Powell's method is usedto nd a set of the best incoming velocity vec-
tors and the erntry point at the sphereof in uence that minimizes the overall fuel

consumption.

Vrml classcreatesa VRML le that draws an animation of the resulting optimal
trajectory on the web browser. This class corverts the state variables and control

variablesto the VRML format, and prints them out to a le.
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Figure 26: SAMURAI Flowchart.

64

Vint iniv Vint fin with direction of motion and input C3's
l
Calculate velocities of spacecraft at endpoints:
Vinis Viin @A Vo). (Vi = Vi i * Ving_ini ©1C)
V. >V._. andV.>V _. Y | No need to calculate
ini HT_ini fin HT_fin low thrust (dV — 0)
N
Swing-by?
N Y
Set incoming velocity V,, and g—
entry point at SOI
I
Optimization
— fromr V. .tor_,V
Optlmlzatlon ini |n|I sb’ " sh0
from 1y Vini 0 i Vi Swing-by:
calcualte V, , from V
Optimization
fromr, Vsb} torg., Vi,
Mrop minimized?
1 "y
Obtain state and control variables
l
N | Morop for given departure date and
time of flight minimized?
N Y
{ Overall m_  minimized? ‘
K




6.3 Flow and Schemes
6.3.1 SAMURAI Flowchart

Fig. 26 shavs the ow chart of SAMURAI. At rst the input data is read from an input
le. Input parameterssud asthe number of time steps,jet power, initial mass,and upper
limit for Isp are read and xed.

In \calc" class,the departure date and the arrival date are set and the planets' positions
are calculated from them.

Oncethe positions of the departure and arrival planets are set, the high thrust trajectory
calculation is performed using the Gaussmethod. With this calculation, velocities at both
endpoints VyT,, andVyr,,, areobtained. Thesevaluescanbeinterpreted asthe velocities
required to travel betweenthesetwo planets without any additional propulsive force.

Users can input the maximum Cj's at departure and arrival to simulate the excess
velocity Vi at ead planet. As stated previously, P C3 = Vi, and the spacecraft's possi-
ble maximum velocities at two endpoints are calculated with this value and the planets'
velocities (Vp1): Vini = Vpiini * V1 ini andViein = Vpitin + V1 fin.

If the maximum V iy VT, at departure and the maximum Vi, VuT,, at
arrival, we do not needto calculate low thrust trajectories becausethe spacecraftreaches
the target without any propulsive force. The results from the Gaussproblem will be the
answer in this case(SeeFig. 27).

If Vini < VuT, OfViin < VnuT, Or both, then the computation of a low thrust tra-
jectory is required. With the input value of C3 and the direction of motion of the spacecratt,
Vini and V¢i, are calculated and are usedas endpoint conditions for optimization.

When the trajectory doesnot do a swing-by maneuver, class\ Opt" calculatesthe thrust
history that minimizes the fuel consumption. Whereasfor an optimization with a swing-by,
a more complicated processis required as shovn in Fig. 26.

The rst phaseof the trajectory from the departure planet to the swing-by planet is
calculated with a guessedvalue of the nal velocity at the swing-by planet.

At the SOI, the swing-by planet's velocity is subtracted from the nal velocity at the

swing-by planet in the Heliocertric coordinates and then corverted into the planetocertric
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Input C3 (1): Low thrust calcllation is required(input C3 is used).
Input C3 (2): Low thrust calculation is not required(dV is zero).

Figure 27: Input C3and V requiremens.

incoming velocity.

This incoming velocity is usedas the initial velocity of the hyperbolic trajectory inside
the SOI. The calculation of the trajectory insidethe SOl is executedto compute the outgoing
planetocertric velocity.

This outgoing velocity is then corverted back into the Heliocertric velocity and the
swing-by planet's velocity isadded. V is calculatedif neededand is addedto the spacecraft
velocity. Using this velocity as the initial velocity of the secondphase,an optimization is
executedwith the \ Opt" classfrom the swing-by planet to the target planet. The overall fuel
consumption for the swing-by trajectory is minimized by adjusting the incoming velocity
and the entry point at the swing-by planet. Therefore, an iterativ e processis required until
the minimum-fuel trajectory is obtained.

With the above process,the minimum-fuel trajectory for a given time of ight starting
with Vi, and ending with V¢, is obtained. But we may improve this trajectory by
adjusting these endpoint velocities while keepingthe time of ight xed. This is done by
adjusting the direction of motion of the spacecraftwith respect to the planet. Therefore
the above processis iterated by adjusting the directions of motion of the spacecraftat the
departure and arrival planets until the fuel consumption is minimized.

When the actual ephemerisof planets is used, a grid seardhy may be conductedto nd

the bestlaunch opportunit y and the time of igh t that minimizes the fuel consumption over
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a range of departure dates and times of igh t.
After all of the above processare nished, a VRML le that draws a 3D animation is

created.
6.3.2 VSI Constrained |gp

Finding an optimal solution for a VSI unconstrained | s, problem is relatively simple. The
1st-order gradiernt algorithm introducedin the previous chapter is suitable for this kind of
problem.

Howeer, constrained casesare complicated and require more calculations than uncon-
strained cases.To solve VSI type |l problems, the initial guessfor the Lagrange multiplier

(t;) is required in order to estimate the cortrol vector at initial time.

For VSI type Il calculations, the results from VSI type | are used. This is because
the thrust histories are similar to ead other for unconstrained arcs, and the Lagrange
multipliers obtained in VSI type | calculations should be used as an initial guessfor VSI
type Il calculation.

The following stepsare taken to obtain the results for VSI typell.
1. Calculate a trajectory for VSI type .
2. Obtain the Lagrange multipliers ~ at initial time t; from the previous step.

3. From % and ~, calculate the cortrol variables:

=[x ly ILI" = V= v T= it v (142)

4. Integrate x and —forward from t; to nal time t; with the cortrol variables obtained
in the step 3:
xdt; dt (143)

t; t;

5. Ched if the resulting x(t;) satis es the terminal constraints (tf) = 0.

6. If not, return to step 3 with the new valuesof (tj). (tj) should be chosensothat it
satises (t;) = 0 AND minimizes the performanceindex J. Powell's method is used

to estimate the next (t;).
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7. lterate until J is minimized and (t;) = O is satis ed with the desired degree of

accuracy
6.3.3 CSI Contin uous Thrust

The CSI type | problem (continuous thrust) is not a constrained problem. The control
variables are now only two (in-plane thrust angle and out-of-plane thrust angle), henceit
is simpler to optimize than VSI type | problem that have three control variables (thrust
magnitude in addition to two angles).

For constart thrust problems, sometimesthe optimizer cannot nd the answer because
the thrust magnitude is not su cien t to reac the target. For example,if we would like to
nd atrajectory from Earth to Pluto with atime of ight of 1 yearand I s, of 100,000sec
and 1 kW of jet power, then the optimizer cannot nd the answer becausethe thrust level
istoo low. On the other hand, if we would liketo nd atrajectory from Earth to Mars with
a 300-day time of ight, we do not need3,000secof Is, and 50 MW of jet power because
it is too much.

SAMURAI nds the minimum thrust level while satisfying the terminal conditions using
an iterativ e process. If the thrust level is not enoughto read the target, the thrust level
of the next step is made a little bit larger than the previous step. On the other hand, if
starting with too much thrust, the thrust level of the next step is a little bit smaller than

the previous step. The processis iterated until the minimum thrust level is found.
6.3.4 CSI Bang-O -Bang

Finding the solution for CSI type Il (bang-o -bang) requires nding the switching times,
and the switching times are determined by the sign of the switching function. As shown in
Sec.5.2.4, the switching function is a function of the Lagrange multipliers. Therefore, for
CSl type Il problems, an initial guessfor the Lagrange multipliers is required to start the
calculation. This is similar to the VSI type Il case.

The following stepsare taken.

1. Calculate a trajectory for VSI type .
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2. Obtain the Lagrange multipliers ~ at initial time t; from the previous step.

3. From (o), calculate the control variablesu(tp) at initial time:
u=[uousupus]” = [Ixly I TI 1= [x Iy 1" = ~v=v (144)
T is determined by the sign of the switching function.
S=T “y=m= p=cC (145)
If Sis positive, T is the prescribed value, and if S is negative, T = 0.

4. Integrate x and — forward from t; to nal time t;. Control variables needto be
calculated as the time step proceeds. Control variables for the next step can be

calculated by the equationsin the previous step.
5. Ched if the resulting x(t;) satis es the terminal constraints (t;) = 0.

6. If not, return to step 3 with the new valuesof (tj). (t;) should be chosensothat it
satises (t;) = 0 AND minimizes the performanceindex J. Powell's method is used

to estimate the next (t;).

7. lterate until J is minimized and (t;) = O is satis ed with the desired degree of

accuracy

The switching function method described above only estimates the solution, and the
terminal constraints are not usually satisfactorily met. More computation is required by
increasingthe burn time step by step. For example, supposethat the total time stepis 300
steps, and the switching function estimatesswitching times asthe 50th and 250th steps. If
the terminal condition is not satisfactory, that meansmore burn time is needed. The rst
switching time should be greater than 50, and the secondswitching time should be smaller
than 250. Therefore, using steps 50 and 250 as initial guessedor the switching times, the

burn time is increasedone by one until the terminal constraints are satis ed.
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6.4 Examples of Input and Output

SAMURAI calculatesa transfer tra jectory betweentwo planets with or without a swing-by.
As stated previously, in addition to the trajectory for the actual planets, userscan make
up their own planetary bodies and calculate the transfer trajectory for these planets. The

mandatory input data is as follows:
Option ID number (1 for VSI type |, 4 for CSl type |, etc.)
Planet's position and velocity

{ Coordinates of positions and velocities of planets in the Cartesian coordinates.

{ ID number for planets (3 for Earth, 4 for Mars, etc.)
Departure date (yyyy/mm/dd)
Time of ight (day)
Jet power (W)
Initial mass(kg)
Maximum allowable | sp for constrained case
I'sp for CSl type Il and high thrust

In addition to theis input data, userscan also specify other parameters such as the
maximum number of iterations and the tolerance for terminal conditions.

Output from SAMURAI is the following:
History of state variables (x, y, z, u, v, w, m)
History of cortrol variables (thrust magnitude and direction)
VRML le

Thrust direction is expresseddy two anglesin the spacecraft-cetered coordinates. is
the in-plane thrust angleand is the out-of-plane thrust angle (seeFig. 28). x, y, and z

axesof the spacecraft-cetered coordinates are de ned as follows:
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H
T

spacecraft X=7

Figure 28: (in-plane thrust angle) and (out-of-plane thrust angle) in the Spacecraft-

certered Coordinates.

X = f5f]
Z = + VIr Vj
y = z x

where+ and V are position and velocity vectors of spacecraft.

A few exampleinput les and corresponding output les are introduced.

(146)
(147)

(148)

The following input data is usedto calculate a trajectory with a VSI typel engine. The

spacecraft departs from a planet whose position is (1, 0, 0) and velocity is (0, 1, 0) to a

planet whose position is (-1.5, 0, 0) and velocity is (0, -0.8165,0). This is to simulate an

Earth to Mars, two-dimensional, coplanar trajectory. The time of ight is 180 days, and

the number of time stepsis 30; therefore, the variables are evaluated onceevery 6 days. Jet

power is 1.0E+07 W or 10 MW, initial massis 1.0E+05 kg or 100 MT, and the C3 values

are zerofor both departure and arrival. A line starting with /' is a commert line.

I
/[ VSI, no constraints, no swing-by

1

option 1 /[ VSI no constraints

timeSteps 100 /[ Numberof time steps

initial 1.0 00 00 00 10 0.0 // DU, DU/TU
target -15 00 0.0 0.0 -0.8165 0.0 // DU, DU/TU
tof 180.0 /[ Time of Flight (day)
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Pj 1.0e+07

moO 1.0E+05

C3dep 0.0

C3arr 0.0
$end

I

I
I

Jet Power (W)

Initial mass (kg)

C3 at departure (km~"2/s"2)
C3 at arrival (km"2/s72)

The output for this input data is as follows:

Simulation

S A MU R A I
and Animation Model

sed for
Rockets with Adjustable Isp

Option =1
Variable Isp, unconstrained
Numberof steps 30
Initial condition
1.00000 0.00000 0.00000 0.00000 1.00000 0.00000 1.00000
Target condition
-1.50000 0.00000 0.00000 0.00000 -0.81650 0.00000 0.00000
Time of Flight 180.00 (day) 3.09636 (TU_Sun)
Jet Power 1.000e+07 1.000e+04 (K 10.000 (MW)
Initial mass  1.000e+05 (kg 100.000 (MT,
maximumC3 at departure planet 0.00000 (km2/s2
maximumC3 at arrival planet 0.00000 (km2/s2
a e i(deg O(deg o(deg) L(deg) M(deg)
1.00000 0.00000 0.%0080 0.0%003 0.00080 NaN NaN
a e i(deg O(deg o(deg) L(deg) M(deg
1.50001 0.00001 O.E)OO 0 0.0%OO(Z 0.00080 0.00080 0.0E)OO(;
Optimal State agd Control Variables [
i TU a X X[ 1 X 2 X 3 X 4 X[ 5 X[ 6 u[ O
0 0.00 0.0y 1.0000 0.0l 00& 0.0(500& o.oéooé l.O&OO& 0.0(%00(! 1.0&00& -0.9946.
1 010 6.0 099169 0.10290 0.00000 -0.15693  0.99018  0.00000 0.97491 -0.99813
2 021 12.0 0.96753 0.20439 0.00000 -0.30770 0.97239 0.00000 0.95619 -0.99997
3 031 180 0.92810 0.30360 0.00000 -0.45311  0.94584  0.00000  0.94181
4 041 240 0.87392 0.39960 0.00000 -0.59341  0.90930  0.00000  0.93043
5 052 300 0.80553 0.49126 0.00000 -0.72814  0.86128  0.00000  0.92120
6 0.62 36.0 0.72354 0.57733 0.00000 -0.85602 0.80027 0.00000 0.91356
7 072 420 0.62876 0.65638 0.00000 -0.97485  0.72509  0.00000  0.90723
8 0.83 480 052226 0.72692 0.00000 -1.08156  0.63533  0.00000  0.90203
9 093 540 040546 0.78744 0.00000 -1.17251  0.53186 0.00000  0.89789
10 1.03 60.0 0.28019 0.83661 0.00000 -1.24410 0.41710 0.00000 0.89474
11 114 66.0 0.14863 0.87343 0.00000 -1.29351  0.29502  0.00000  0.89252
12 124 720 0.01318 0.89741 0.00000 -1.31945 0.17063 0.00000 0.89110
13 134 78.0 -0.12372 0.90856  0.00000 .32245  0.04912  0.00000  0.89034
14 1.44 84.0 -0.25979 0.90746 0.00000 .30478 -0.06506 0.00000 0.89002
15 155 90.0 -0.39303  0.89506  0.00000 26979 -0.16883  0.00000  0.88996
16 165 96.0 -0.52187  0.87255  0.00000 22118 -0.26066 ~ 0.00000  0.88991  0.99440
17 175 102.0 -0.64508 0.84121  0.00000 -1.16240 -0.34040  0.00000 0.88967  0.98710
18 1.86 108.0 -0.76179 0.80225 0.00000 -1.09626 -0.40882 0.00000 0.88903 0.98270
19 196 114.0 -0.87135 0.75679  0.00000 -1.02481 -0.46729  0.00000 0.88773  0.97871
20 206 1200 -0.97331 0.70577 0.00000 -0.94940 -0.51735  0.00000 0.88555  0.97468
21 217 126.0 -1.06730 0.64998  0.00000 -0.87081 -0.56056  0.00000 0.88219  0.97063
22 227 1320 -1.15304 0.59004 0.00000 -0.78935 -0.59835 0.00000 0.87737 0.96669
23 237 1380 -1.23022 0.52645 0.00000 -0.70503 -0.63198  0.00000  0.87074  0.96302
24 248 1440 -1.29855  0.45958  0.00000 -0.61761 -0.66250  0.00000 0.86195  0.95976
25 258 150.0 -1.35769  0.38969  0.00000 -0.52671 -0.69076  0.00000 0.85066  0.95703
26 2.68 156.0 -1.40726 0.31698 0.00000 -0.43181 -0.71744 0.00000 0.83650 0.95490
27 279 1620 -1.44681  0.24159 0.00000 -0.33236 -0.74307  0.00000  0.81918  0.95342
28 289 168.0 -1.47584  0.16359  0.00000 -0.22770 -0.76800  0.00000  0.79846  0.95261
29 299 1740 -1.49379 0.08305 0.00000 -0.11716 -0.79246  0.00000  0.77420  0.95247
30 3.10 180.0 -1.50000 0.00001 0.00000 -0.00001 -0.81650 0.00000 0.74640 0.95310
target  -1.50000  0.00000 0.00000  0.00000 -0.81650  0.00000
Control variables and Isp:
mO0 1.000e+05 (kg) Pj 1.000e+07 (W)
i alpha beta -~ thrust(N) Isp(s)
0 -95.94 0.00 0.0 333.80 6110.15
1 -84.50 0.00 0.00 286.619 7115.94
2 -72.91 0.00 0.00 249.607 8171.11
3 -61.48 0.00 0.00 220.617 9244.82
4 -50.51 0.00 0.00 197.779 10312.34
5 -40.27 0.00 0.00 179.307 11374.74
6 -30.98 0.00 0.00 163.492 12475.01
7 -22.73 0.00 0.00 148.809 13705.90
8 -15.49 0.00 0.00 134.037 15216.42
9 -9.13 0.00 0.00 118.348 17233.59
10 -3.46 0.00 0.00 101.336 20126.69
11 1.76 0.00 0.00 82.978 24579.66
12 6.78 0.00 0.00 63.530 32103.80
13 11.98 0.00 0.00 43.390 47005.09
14 18.39 0.00 0.00 22.953 88860.33
15 53.61 0.00 0.00 2.890 705635.43
16 -161.88 0.00 0.00 18.185 112155.37
17 -154.47 0.00 0.00 38.647 52774.28
18 -148.88 0.00 0.00 59.318 34383.82
19 -143.64 0.00 0.00 80.380 25374.15
20 -138.49 0.00 0.00 102.022 19991.54
21 -133.31 0.00 0.00 124.382 16397.60
22 -128.01 0.00 0.00 147.524 13825.33
23 -122.50 0.00 0.00 171.418 11898.18
24 -116.68 0.00 0.00 195.939 10409.19
25 -110.47 0.00 0.00 220.861 9234.62
26 -103.77 0.00 0.00 245.865 8295.48
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ul 1
-0.10[34é
-0.06108
-0.00825

0.05097
0.11087
0.16536
0.20946
0.24040
0.25781
0.26334
0.26009
0.25216
0.24445
0.24371
0.26776
0.71976
-0.10570
-0.16008
-0.18518
-0.20524
-0.22358
-0.24056
-0.25594
-0.26943
-0.28081
-0.28998
-0.29691
-0.30164
-0.30420
-0.30465
-0.30267

ul 2
0.0000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000
0.00000

ul 3
0.5628
0.48333
0.42092
0.37203
0.33352
0.30237
0.27570
0.25094
0.22603
0.19957
0.17089
0.13993
0.10713
0.07317
0.03871
0.00487
0.03067
0.06517
0.10003
0.13555
0.17204
0.20975
0.24877
0.28907
0.33042
0.37244
0.41461
0.45623
0.49651
0.53459
0.56937



28 -88.80

29 -80.67

30 -72.38
FinalMass=

FuelConsumed=

Wall time

Another exampleis a grid seart for a trajectory from Earth to Jupiter with a VSI type
Il engine. The actual planets' positions and velocities are usedfor the initial condition and
target condition. The range of the departure date is between 100 days after Sep. 1, 2010,
and 300 days after Sep. 1, 2010, with 20-day increments. Times of ight rangesfrom 300
days to 500 days with 50-day incremerts. Therefore 11

power is 10MW, initial massis 100MT, and maximum allowable | s, is 30,000sec.

I

0.00 0.00 270.547 7538.67
0.00 0.00 294.436 6927.03
0.00 0.00 317.015 6433.67
0.00 0.00 337.641 6040.64

74639.88461 (kg
25360.11539 (kg

0.000 (sec), CPUtime 0.125 (sec)

/[ VSI, constrained Isp, no swing-by

1
option

2

timeSteps 50
depPlanet 3 // Earth

arrPlanet

date

5 /[Jupiter
2010 9 1000 /I yyyy mmdd hr min sec

depRangel100 300 20 /[ initial final increment
tofRange 300 500 50 /[ initial final increment

jetPower

1.000E+07 /I (W)

initialMass 100000 // (kg)
maxIsp 30000.0 // (sec)

maxC3dep 0.0 /[ km"2/s"2
maxC3arr 0.0 /[ km"2/s"2

$end

The output for this input data is as follows:

== s

== Simulation and Animation Model ==
S|

ed for
== Rockets with Adjustable Isp ==

A M U R A | ==

Option = 2

Variable Isp, constrained Isp

Number of steps

50

Departure planet 3 Earth
Arrival planet 5 Jupiter

Calender Date

9/ 1/2010 0: 0: O

Julian Date 2455440.50000

Departure Date: Erom 1170200(2)8 to 53106%(6)8 witﬂ 0 :"2‘5)4891 increment '?'?JY)S )
rom . to . wit . increment un

Time of Flight:  from 300.00 to 500.00 with 50.00 increment(day)
from 5.16060 to 8.60099 with 0.86010 increment(TU_Sun)

Jet Power 1.000e+07 (W)  1.000e+04 (kW 10.000 (MW)

Initial mass 1.000e+05 (kg) 100.000 (MT,

Maximumls| 30000.00 (sec)

maximumC3 at departure planet 0.00000 (km2/s2

maximumC3 at arrival planet 0.00000 (km2/s2

mininum T 67.986 (N)

........... (omitted)  ...........

Optimal State and Control Variables

Departure date:
Arrival date:

i TU

2011/ 6/ 8 0: 0: 0 (2455720.50000 Julian date
2012/10/20  0: 0: 0 (2456220.50000 Julian date

day x[ 0] x[ 1] x[ 2] x[ 3] x[ 4] x[ 5] x[ 6]
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u[ 0]

uf 1]

uf 2]

5 = 55 casesare calculated. Jet

ul 3]



0 0.00 0.0 -0.24488 -0.98482
1 017 10.0 -0.07379 -1.01410
2 034 200 0.10651 -1.01645
3 052 300 0.29101 -0.99138
4 0.69 40.0 0.47466 -0.93965
5 086 500 065282 -0.86331
6 1.03 60.0 0.82180 -0.76547
7 120 70.0 0.97905 -0.64989
8 1.38 80.0 1.12330 -0.52047
9 155 90.0 125430 -0.38084
10 1.72 100.0 1.37255 -0.23412
11 189 110.0 1.47902 -0.08282
12 2.06 120.0 1.57509 0.07125
13 2.24 130.0 1.66225 0.22687
14 241 140.0 1.74195 0.38321
15 258 150.0 1.81550 0.53972
16 275 160.0 1.88405 0.69608
17 292 170.0 1.94863 0.85211
18 3.10 180.0 2.01012 1.00774
19 327 190.0 206928 1.16298
20 3.44 200.0 2.12679 1.31786
21 361 2100 2.18320 1.47248
22 378 2200 2.23903  1.62691
23 396 2300 2.29470 1.78122
24 413 2400 2.35067 1.93541
25 430 250.0 2.40398 2.08394
26 447 260.0 2.45238 2.22803
27 464 2700 249596  2.36789
28 482 2800 2.53485 2.50363
29 499 290.0 2.56919 2.63537
30 516 3000 259911 276316
31 533 3100 2.62469  2.88709
32 550 3200 2.64605 3.00721
33 5.68 330.0 2.66325 3.12358
34 585 3400 2.67636 3.23623
35 6.02 3500 2.68546  3.34520
36 6.19 360.0 2.69059  3.45054
37 6.36 370.0 2.69182 3.55226
38 654 3800 2.68903  3.65028
39 671 3900 2.68214  3.74451
40 6.88 400.0 2.67096  3.83479
41 7.05 410.0 2.65531 3.92095
42 722 4200 2.63499  4.00283
43 740 430.0 2.60981  4.08024
44 7,57 440.0 2.57957 4.15300
45 7.74 450.0 2.54406 4.22094
46 7.91 460.0 250309 4.28385
47 8.08 470.0 2.45643 4.34154
48 8.26 480.0 2.40390  4.39382
49 8.43 490.0 2.34527 4.44047
50 8.60 500.0 2.28033  4.48130
target 2.28033  4.48130
Control variables and Is:{):
mO 1.000e+05 (kg) Pj 1.000e+07 (W)
i alpha beta --
0 2.46 -0.56 0.00
1 4.81 -0.73 0.00
2 6.82 -0.86 0.00
3 8.62 -0.99 0.00
4 10.31 -1.11 0.00
5 11.95 -1.24 0.00
6 13.62 -1.36 0.00
7 15.33 -1.49 0.00
8 17.10 -1.61 0.00
9 18.91 -1.73 0.00
10 20.73 -1.85 0.00
11 22.52 -1.97 0.00
12 24.22 -2.08 0.00
13 25.80 -2.18 0.00
14 27.23 -2.29 0.00
15 28.50 -2.39 0.00
16 29.60 -2.50 0.00
17 30.54 -2.63 0.00
18 31.34 -2.79 0.00
19 32.02 -3.00 0.00
20 32.62 -3.32 0.00
21 33.23 -3.85 0.00
22 34.11 -4.95 0.00
23 36.52 -8.48 0.00
24 162.96 11.26 0.00
25 -152.16 -4.68 0.00
26 -148.49 -1.15 0.00
27 -146.46 -0.10 0.00
28 -144.75 0.41 0.00
29 -143.14 0.70 0.00
30 -141.54 0.89 0.00
31 -139.91 1.02 0.00
32 -138.24 111 0.00
33 -136.49 1.17 0.00
34 -134.67 1.21 0.00
35 -132.74 1.24 0.00
36 -130.72 1.26 0.00
37 -128.54 1.27 0.00
38 -126.14 1.28 0.00
39 -123.47 1.27 0.00
40 -120.46 1.26 0.00
41 -117.08 1.25 0.00
42 -113.27 1.23 0.00
43 -109.02 1.20 0.00
44 -104.30 1.18 0.00
45 -99.11 1.15 0.00
46 -93.50 111 0.00
47 -87.53 1.08 0.00
48 -81.34 1.05 0.00
49 -75.06 1.01 0.00
50 -68.87 0.97 0.00
FinalMass= 82923.72159 (kg
FuelConsumed= 17076.27841 (kg
Wall time  3117.000 (sec), CPUtime

0.00000
-0.00004
-0.00017
-0.00040
-0.00076
-0.00124
-0.00184
-0.00255
-0.00337
-0.00429
-0.00530
-0.00641
-0.00760
-0.00889
-0.01028
-0.01180
-0.01345
-0.01524
-0.01719
-0.01930
-0.02160
-0.02411
-0.02686
-0.02993
-0.03355
-0.03631
-0.03930
-0.04229
-0.04522
-0.04804
-0.05076
-0.05334
-0.05579
-0.05810
-0.06027
-0.06229
-0.06415
-0.06586
-0.06742
-0.06880
-0.07000
-0.07102
-0.07183
-0.07242
-0.07279
-0.07293
-0.07282
-0.07245
-0.07181
-0.07088
-0.06967

-0.06967

thrust(N)
144.859
142.900
138.730
132.616
124.934
116.162
106.809
97.350
88.148
79.438
71.330
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
67.986
71.240
74.257
79.215
84.147
89.044
93.897
98.695
103.428
108.086
112.655
117.123
121.472
125.681
129.727

0.95432
1.02152
1.06070
1.07055
1.05223
1.00962
0.94881
0.87686
0.80043
0.72477
0.65343
0.58887
0.53268
0.48509
0.44549
0.41306
0.38699
0.36645
0.35071
0.33912
0.33112
0.32624
0.32409
0.32450
0.31763
0.29566
0.26734
0.23971
0.21287
0.18677
0.16132
0.13644
0.11206
0.08812
0.06457
0.04137
0.01848
-0.00455
-0.02814
-0.05252
-0.07798
-0.10455
-0.13224
-0.16109
-0.19110
-0.22230

-0.39644

Isp(s)

-0.24514
-0.09302
0.06501
0.22235
0.37157
0.50578
0.62000
0.71193
0.78192
0.83226
0.86623
0.88762
0.90019
0.90678
0.90937
0.90943
0.90802
0.90590
0.90358
0.90141
0.89961
0.89828
0.89742
0.89670
0.87990
0.85057
0.82533
0.80108
0.77746
0.75436
0.73168
0.70937
0.68738
0.66566
0.64419
0.62293
0.60184
0.58058
0.55881
0.53631
0.51286
0.48843
0.46299
0.43651
0.40897
0.38032
0.35056
0.31965
0.28756
0.25427
0.21975

0.21975

14079.67
14272.74
14701.66
15379.54
16325.12
17558.03
19095.38
20950.97
23138.02
25674.95
28593.47
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
30000.00
28629.58
27466.19
25747.16
24238.10
22905.11
21721.37
20665.35
19719.60
18869.88
18104.49
17413.90
16790.45
16228.18
15722.01

2998.078 (sec)
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-0.00000
-0.00048
-0.00108
-0.00173
-0.00243
-0.00313
-0.00381
-0.00446
-0.00506
-0.00563
-0.00615
-0.00666
-0.00721
-0.00781
-0.00848
-0.00921
-0.01000
-0.01086
-0.01180
-0.01282
-0.01397
-0.01529
-0.01693
-0.01944
-0.01855
-0.01672
-0.01738
-0.01719
-0.01672
-0.01611
-0.01540
-0.01464
-0.01384
-0.01301
-0.01216
-0.01129
-0.01040
-0.00949
-0.00853
-0.00752
-0.00644
-0.00530
-0.00409
-0.00281
-0.00147
-0.00007

0.00140

0.00294

0.00454

0.00621

0.00794

0.00794

1.00000
0.99106
0.98249
0.97453
0.96736
0.96107
0.95569
0.95118
0.94746
0.94441
0.94195
0.93986
0.93786
0.93586
0.93387
0.93187
0.92987
0.92787
0.92588
0.92388
0.92188
0.91989
0.91789
0.91589
0.91390
0.91190
0.90990
0.90791
0.90591
0.90391
0.90192
0.89992
0.89792
0.89593
0.89393
0.89193
0.88994
0.88784
0.88555
0.88301
0.88012
0.87688
0.87326
0.86925
0.86484
0.86001
0.85474
0.84904
0.84288
0.83628
0.82924

0.95694
0.98467
0.99820
0.99835
0.98706
0.96717
0.94202
0.91496
0.88871
0.86513
0.84519
0.82916
0.81682
0.80770
0.80127
0.79698
0.79436
0.79306
0.79283
0.79356
0.79537
0.79880
0.80576
0.82447
-0.04890
-0.72875
-0.75969
-0.76826
-0.77228
-0.77453
-0.77591
-0.77676
-0.77727
-0.77753
-0.77761
-0.77754
-0.77735
-0.77705
-0.77666
-0.77619
-0.77564
-0.77503
-0.77435
-0.77360
-0.77280
-0.77194

7
-0.76676

-0.29012
-0.17392
-0.05783
0.05423
0.15886
0.25297
0.33444
0.40243
0.45730
0.50029
0.53310
0.55753
0.57529
0.58784
0.59640
0.60194
0.60519
0.60666
0.60667
0.60532
0.60233
0.59663
0.58437
0.54354
-0.97405
-0.68121
-0.65023
-0.64007
-0.63503
-0.63211
-0.63029
-0.62914
-0.62843
-0.62804
-0.62789
-0.62794
-0.62814
-0.62848
-0.62894
-0.62950
-0.63016
-0.63090
-0.63172
-0.63262
-0.63360
-0.63464
-0.63575
-0.63693
-0.63818
-0.63950
-0.64088

-0.00972
-0.01327
-0.01600
-0.01880
-0.02161
-0.02442
-0.02724
-0.03005
-0.03282
-0.03553
-0.03815
-0.04067
-0.04308
-0.04540
-0.04766
-0.04994
-0.05231
-0.05493
-0.05804
-0.06203
-0.06774
-0.07712
-0.09628
-0.15754
0.22100
-0.06988
-0.00879
0.00930
0.01800
0.02310
0.02642
0.02875
0.03046
0.03176
0.03276
0.03356
0.03420
0.03472
0.03515
0.03550
0.03579
0.03602
0.03621
0.03637
0.03650
0.03659
0.03667
0.03673
0.03676
0.03679
0.03679

0.24428
0.24097
0.23394
0.22363
0.21068
0.19589
0.18011
0.16416
0.14865
0.13396
0.12028
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.11465
0.12013
0.12522
0.13358
0.14190
0.15016
0.15834
0.16643
0.17441
0.18227
0.18997
0.19751
0.20484
0.21194
0.21876



The preciseexplanation of input data is in Appendix D.

6.5 Validation and Veric ation

When a new computer application is created, validation is necessarnyto ched if the applica-
tion works properly. In order to validate SAMURAI , se\eral analyseshave beenperformed
and the results with SAMURAI are comparedto the results with other existing reliable
interplanetary trajectory calculation programs.

There are no applications to calculate generalVSI tra jectories. Therefore, validation for
CSI enginesand high thrust enginesare performed. IPREP is usedto comparethe results

for high thrust, and ChebyTOP is usedfor CSI trajectories.
6.5.1 Validation of High Thrust with IPREP

IPREP (Interplanetary PREProcessor)is a rapid grid-seard optimizer on launch and arrival
windows, minimum V  or mass optimization created by Martin Marietta Astronautics.
IPREP is widely usedto estimate V for high thrust trajectories.

To comparethe resultswith SAMURAI and the resultswith IPREP, transfer tra jectories
are calculated from Earth to Venus, Mars, and Jupiter. Times of ight are setto 200 days
for Venus transfer, 360 days for Mars transfer, and 500 days for Jupiter transfer. Twelve
departure dates are considered:the rst day of the month in the year 2000.

Figs. 29to 31shown the V requiremerts (at departure and arrival, and total) calculated
with SAMURAI and IPREP. They show that the results obtained by SAMURAI match well

with the results obtained by IPREP.
6.5.2 Validation of CSI with ChebyTOP

ChebyTOP (Chebyshev Trajectory Optimization Program) is an analysistool that enables
the user to conduct rapidly the parametric analysis and optimization of interplanetary
missionsemploying electrically propelled spacecraftdeveloped by Boeing.

To comparethe results with SAMURAI and the results with ChebyTOP, transfer tra-

jectories from Earth to Mars are analyzedfor CSl type | and type |l engines. The following
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Figure 29: Resultswith SAMURAI and IPREP: V Requiremerts for High Thrust Venus
Transfer.

80 - -e- - |PREP departure
- -m- - |PREP arrival
A - -a- - IPREP total
TO P S

SAMURAI departure
—x— SAMURAI arrival
—e— SAMURAI total

delta V (km/s)
N
o

1 2 3 4 5 6 7 8 9 10 11 12
month (year 2000)

Figure 30: Resultswith SAMURAI and IPREP: V Requiremerts for High Thrust Mars
Transfer.
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- -e- - IPREP departure
- -m- - IPREP arrival
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SAMURAI departure
5O —x— SAMURAI arrival |

—e— SAMURAI total

delta V (km/s)

1 2 3 4 5 6 7 8 9 10 11 12
month (year 2000)

Figure 31: Resultswith SAMURAI and IPREP: V Requiremerts for High Thrust Jupiter
Transfer.
assumptions are considered: 1,000 kg initial mass, departure date of June 1, 2018, and

120-days TOF for both CSl type | and type ll.

CSI type | The results obtained with SAMURAI was the following: the maximum I g
that satis es the target conditions was 11,372secwhen the jet power is 100 kW, and the
resulting nal masswas 833.25kg.

Then the sametrajectory was calculated using Cheby TOP with input |sp of 11,372sec.
The resulting jet power requiremert was 99.434kW, and the nal masswas calculated as
834.21Kkg.

Trajectory is shavn in Fig. 32. Although ChebyTOP doesnot output the history of the
thrust direction, this gure shaws that the path obtained with SAMURAI is very closeto
that with ChebyTOP.

CSl type Il For atrajectory with a CSI type Il engine, Isp is setto 5,000secin this

section. The following are someimportant values.

For SAMURAI, jet power was 91.23kW, the rst switching time (t;) was 14.4day, and
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Figure 32: Resultswith SAMURAI and ChebyTOP: V Requiremerts for CSl typel Mars
Transfer.

the secondswitching time (t») was 103.2day. The resulting nal masswas 787.5kg. For
ChelyTOP, jet power was 91.23kW, t; was 13.3day and t, was 102.0day. The resulting
nal masswas 794.9Kkg.

Trajectory is shown in Fig. 33. Again, the trajectories with SAMURAI and ChebyTOP

are similar.

The validation conducted in this section shows that SAMURAI is precise enough to
conduct general trajectory calculations for CSI enginesand high thrust engines. In the

following two chapters, SAMURAI is usedto analyzevarious interplanetary trajectories.
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Figure 33: Results with SAMURAI and ChebyTOP: V Requiremerts for CSI type Il
Mars Transfer.

79



CHAPTER VI |

PRELIMINAR Y RESUL TS: PROOF OF CONCEPT

One of the objectives of this researh is to comparedi erent types of enginesand discuss
their advantagesand disadvantages. In this researt comparisonis performed by calculating
the fuel consumption of ead enginefor the sametrajectory. The trajectories should have
the sameinitial condition, the sametarget condition, and the sametime of ight. The
problem should be made as simple as possible so that the comparison of these engines
clearly states the advantagesor disadvantages of eat engine.

In this chapter, a large databaseis generatedusing SAMURAI . Transfer orbits from
Earth that circularizes around the Sun to other planets that circularize around the Sun
are calculated for v e dierent engines(VSItype | and Il, CSI type | and II, and high
thrust). The fuel consumption for ead engine is calculated and compared against the

results obtained for ead.

7.1 Problem Description

The minimum fuel transfer trajectory for ead of v e enginesis calculated. The planets are
assumedo be orbiting around the Sunin acircular orbit (zeroeccerricit y), and theseorbits
are further assumedto be coplanar (zero inclination). This allows for a two-dimensional
transfer orbit to be assumed.

Table 4 showvs someorbital data for planets. The eccetricit y is lessthan 0.1 and the
inclination is lessthan a few percerts except Mercury and Pluto. The Earth and the four
destination planets consideredin this chapter can be thought to be circular and coplanar.
Therefore, considering the orbits of these planets two-dimensional and circular is a good
approximation to the actual orbits.

The spacecraftis assumedto depart from Earth at a position of (x;y) = (1:0;0:0) and

a velocity of (u;v) = (0:0; 1:0). C3's at departure and arrival are assumedto be zerofor all
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Table 4: Orbital Data[37].

Semi-mgor Period Eccertricit y | Inclination
Planet axis (AU) (day) (deg)
Mercury 0:3871 87.97 0.2056 7:004
Verus 0:7233 2247 0.0068 3:394
Earth 1:000 3652 0.0167 0:000
Mars 1:524 687.0 0.0934 1:850
Jupiter 5:203 4;332 0.0482 1:306
Saturn 9:539 | 10;760 0.0539 2:489
Uranus 1918 30;690 0.0471 0:773
Neptune 30:07 60; 190 0.0050 1:773
Pluto 3944 90; 460 0.2583 17:14

TOF2

N

JEarth

Figure 34: 2D Trajectories for Proof-of-Concept Problems.

cases.The unit of position isin AU (1 AU = 1.4959965E+08km),and the unit of velocity is
in AU/TU (1 TU = 58.132821day = 5.0226757E+06sec,1 AU/TU = 29.78495km/s). The
target position and velocity are calculated with the semi-mgor axis of the arrival planet
and the true anomaly di erence between Earth and the target planet, , as shown in
Fig. 34.

Four planets (Verus, Mars, Jupiter, and Saturn) and an asteroid in the asteroid belt
are consideredas destinations in this chapter. Semi-mgor axesfor these destinations are
setto 0.7 AU (Verus), 1.5 AU (Mars), 3.0 AU (asteroid), 5.0 AU (Jupiter), and 10.0 AU

(Saturn). Threeto ve 's are considered: 60, 90, 120, 150, 180 for Vernus, Mars,
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and the asteroid, 90 , 120, 150, 180 for Jupiter, and 120, 150, 180 for Saturn.
. . o . . P —
The velocity of a spacecrafton a circular orbit with radiusr is expressedas =r where
the gravitational parameter in the canonicalunits is 1 AU3/TU 2. Hence,if Mars is chosen

asthe target planet and = 120 is used,the target condition is
position (x;y) = (1:r5c05120 ; 1:53£n 120) = ( 0:750 1:299),
. 1 1
velocity (u;v) = ( Esm 120; 1fscoslzo) = ( 0:707 0:408):.

Three levels of the jet power (10, 20, and 30MW) are consideredfor all destinations,
and the initial massis setto 1.0E+05 kg (100MT) for all cases.

For ead target condition and jet power, the trajectory for sewral values of time of
ight are calculated. The range for the time of ight for ead destination is selectedso
that it includesthe time of igh t that minimizes the fuel consumption for high thrust. For
example, the time of ight for a Hohmann transfer from Earth to Mars is 4.454TU, sothe
range of time of ight for Earth ! Mars trajectories with = 180 is chosenbetween3.0
TU and 5.0 TU.

For VSI typell (boundedl s, case),the maximum allowable | sp is setto 30,000seconds.
The |p is determined by the exhaust velocity of the engine. An |, of 30,000secondsis
appropriate with current or near-future technology [22].

For CSI type |, the minimum required thrust level that enablesthe spacecraftto reach
the target is calculated. For example, higher thrust (and hencelower | sp) is required for fast
transfer and therefore higher fuel consumptionis expectedfor this case.On the other hand,
when the transfer time is very long, lessthrust (and higher Isp) is required and therefore
small amount of fuel may be needed.

For CSl type Il (bang-o -bang case)the Ip level is setto 5,000seconds,and he | sp for

high thrust is setto 450 seconds.

7.2 Numeric al Accuracy

Before calculating the transfer tra jectories, the numerical accuracyis investigatedto deter-
mine the tolerance and number of time stepsrequired. Input valuesfor these parameters

are determined basedon the discussionin the remaining sectionsof this paper.
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Figure 35: Tolerancevs. CPU Time for Di erent Number of Time Steps.

In SAMURAI, users can specify a tolerance for the corvergencecriteria. SAMURAI
terminates the calculation when it nds a trajectory whose nal conditions match the

target condition within this tolerance:
Xi(tt) X ged i=0 5 orx;y;w; u;v; andw (149)

where is the input convergencecriteria. The smaller this value becomes,the longer the
computation takes.

Users can also specify the number of time steps along the trajectory. When the time
of ight is 300 days and the number of the time stepsthat user specied is 300 steps,
SAMURAI ewaluates the state and cortrol variables once a day. The larger the number
of time stepsbecomesthe more accurate the results become,but a larger number of time
stepsrequires more computation time.

To determine the appropriate valuesfor thesetwo inputs, 2D trajectories for VSI type
| enginesimulating transfer trajectories from Earth to Mars with 150-day time of ight are
calculated for di erent tolerancesand number of time steps. Fig. 35 shows the CPU time
for di erent tolerance and number of time steps.

The CPU (Pentium 1.90 GHz, 512 MB RAM) requiremerts increaseas the tolerance
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Figure 36: Tolerancevs. Fuel Consumption for Di erent Number of Time Steps.

decreasesand as the number of time stepsincrease. We should choosea su cien tly small
tolerance and a su cien tly large number of time stepsto give an accurate result, but at
the sametime not requiring a large computational commitment. Fig. 36 shows the fuel
consumption for di erent tolerance and number of time steps. As can be seenin this gure,
the results for tolerancessmaller than 1.0E-O5are almost the samefor any number of time
steps, and the results for the time stepslarger than 300 are almost the same. That means
the tolerance of 1.0E-05 and the number of time steps of 300 are enoughto obtain the
accurate results.

Similar calculations have been performed for other planets, and the following numbers
are used: 300time stepsfor Verus, Mars, and the asteroids,and 500time stepsfor Jupiter
and Saturn. Absolute convergencetolerance of 1.0E-05is used for the computation for all

the planets.

7.3 Results and Discussion

Table 5 shows the fuel requiremerts for an Earth to Verus transfer with 10 MW jet power.
For example, the rst cell of Table 5 shaws the fuel requiremert for an Earth to Venus

transfer when is 60 for a VSI typel enginewith 10 MW of jet power. Earth's position
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is (1, 0) and velocity is (0, 1), and becausethe betweenEarth and Verusis 60 , Venus'
position and velocity are (0.3750,0.6495)and (-1.0, 0.5774),respectively. The fuel required
for this caseis 86011.9kg.

Table 6 shows the fuel requiremerts for an Earth to Saturn transfer with 30 MW jet

power.
Table 5: Transfer Orbit to Vernus with 10MW Jet Power.
Venus Fuel  Consumed(kg)

Pj 10.000 (MW) nju 60.000 (deg) r 0.3750 0.6495 V. -1.0000 0.5774
TOF(TU_Sun) 0.600 0.700 0.800 0.900 1.000 1.100 1.200 1.300 1.400 1.500 1.600
VSI type | 86011.9 712445 54950.4 47872.8 50044.1 55170.0 60021.5 63884.6 66829.7 69064.3 70772.0
VSI typell 86027.7 71256.0 54952.2 47874.5 50057.8 55174.9 60022.2 63884.6 66829.7 69064.3 70772.0
CSl type | 99590.9 88666.7 67897.1 55612.1 56315.9 60781.0 65222.9 68922.1 71862.4 74177.9 76002.0
CSI typell 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0 100000.0
highThrust 99962.2 99517.3 98209.7 97435.0 98007.0 98951.2 99520.5 99780.0 99893.8 99945.5 99970.3

Pj 10.000 (MW) nju 90.000 (deg) r -0.0000 0.7500 VvV -1.1547 -0.0000
TOF(TU_Sun) 1.000 1.100 1.200 1.300 1.400 1.500 1.600 1.700 1.800 1.900 2.000
VSI type | 58840.7 39928.5 25648.1 20916.9 23775.7 29842.8 36301.7 42049.9 46845.6 50756.4 53930.5
VSI typell 58850.0 39968.9 25671.1 20930.4 23820.7 29886.9 36318.7 42055.9 46847.5 50757.2 53930.8
CSl type | 76443.8 54149.2 34152.9 26268.7 29689.5 36000.3 42244.3 47745.0 52392.1 56258.0 59459.7
CSI typell 100000.0 100000.0 29585.2 28248.0 28080.9 33220.7 40784.1 45464.3 50395.1 53988.8 57666.1
highThrust 99199.9 96601.8 92196.7 90080.6 91669.9 94920.9 97316.9 98602.2 99248.9 99578.9 99753.5

Pj 10.000 (MW) nju 120.000 (deg) r -0.3750 0.6495 V. -1.0000 -0.5774
TOF(TU_Sun) 1.000 1.200 1.400 1.600 1.800 2.000 2.200 2.400 2.600 2.800 3.000
VSI type | 85656.1 65896.8 35273.8 12312.3 10614.9 19564.8 29331.5 37193.5 43092.3 47475.3 50757.3
VSI typell 85658.2 65903.1 35314.8 12433.6 10756.3 19673.3 29388.0 37230.0 43121.1 47501.0 50781.9
CSl type | 98677.9 82543.3 48405.4 17491.5 14841.7 25317.4 35453.9 43510.4 49605.9 54187.6 57652.0
CSI typell 100000.0 100000.0 45046.4 21395.0 17299.8 25907.9 35853.3 43124.2 48890.8 54991.7 58919.7
highThrust 99995.2 99784.6 96844.2 83979.1 81463.7 91996.8 97086.1 98835.5 99480.0 99743.9 99863.0

Pj 10.000 (MW) nju 150.000 (deg) r -0.6495 0.3750 VvV -05773 -1.0000
TOF(TU_Sun) 1.400 1.600 1.800 2.000 2.200 2.400 2.600 2.800 3.000 3.200 3.400
VSI type | 67583.6 44162.1 20318.1 6555.6 4886.2 9900.6 16778.1 233275 28903.9 33467.7 37157.2
VSI typell 67608.2 44212.3 20441.7 6849.5 5279.3 10180.5 16981.4 23491.8 29048.2 33601.4 37285.4
CSl type | 83326.0 58324.3 29148.9 9821.0 7436.9 14355.1 22374.0 29676.3 35782.2 40737.7 44725.6
CSl typell 100000.0 100000.0 28582.3 15043.3 13789.7 18052.0 29334.5 31591.0 38861.9 44127.1 48305.8
highThrust 99879.8 98789.1 92977.7 76848.6 70563.1 83707.4 92446.6 96349.1 98107.2 98950.3 99382.1

Pj 10.000 (MW) nju 180.000 (deg) r -0.7500 -0.0000 Y 0.0000 -1.1547
TOF(TU_Sun) 2.000 2.200 2.400 2.600 2.800 3.000 3.200 3.400 3.600 3.800 4.000
VSI type | 26936.8 11677.5 3827.5 2450.2 4937.8 9089.2 13622.2 17932.6 21793.6 25156.8 28048.0
VSI typell 27052.3 11913.8 4363.8 3346.2 5540.8 9510.2 13965.6 18238.6 22080.7 25434.0 28322.1
CSl type | 37470.2 17397.3 5949.4 3886.6 7945.5 13411.3 19035.8 24217.4 28761.5 32659.0 35970.3
CSl typell 36772.6 21144.2 12034.7 15210.5 14040.4 21311.4 28080.9 29835.9 34599.6 38109.8 40115.5

highThrust 96465.2 88436.0 73129.6 64867.6 75219.4 85622.9 91707.3 95046.0 96914.4 97999.5 98654.8

Other results are displayed in Appendix A. Tablesin Appendix A show the fuel require-
ments (kg) for the di erent terminal conditions (position and velocity calculated from the
semi-mgor axis of the orbit of the target planet and ), the dierent jet power settings
(MW), and the dierent enginetypes.

In thesetables, if a result is 100,000.0,that meansthe calculation does not corverge
or the spacecraftconsumesall of its massbefore it readhesthe target becauseof the |y

restrictions imposed. For example,in Table 5 when is 60 , a spacecraftwith a CSl type
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Table 6: Transfer Orbit to Saturn with 30MW Jet Power.

Saturn Fuel  Consumed(kg)
Pj 30.000 (MW) nju 120.000 (deg) r -5.0000 8.6603 VvV -0.2739 -0.1581
TOF (TU_Sun) 20.000 22.000 24.000 26.000 28.000 30.000 32.000 34.000 36.000 38.000 40.000
VS| type | 6772.1 6242.3 5816.0 5455.4 5140.0 4857.7 4601.3 4365.9 41485 3946.7 3758.9
VS| typell 69645.0 76609.5 83574.0 90538.5 97503.0  100000.0 ~ 100000.0 ~ 100000.0 ~ 100000.0 ~ 100000.0  100000.0
CSlI type | 6516.6 5860.9 4089.3 3195.7 6127.5 2493.1 2419.5 3427.4 3845.5 1918.8 2588.0
CSlI typell 50144.4 49643.0 48138.6 45631.4 49141.5 45130.0 48138.6 51147.3 54156.0 57164.6  100000.0

highThrust 99698.5 99640.2 99600.0 99577.6 99570.8 99576.6 99591.8 99613.1 99637.9 99664.0 99689.9

Pj 30.000 (MW) nju  150.000 (deg) r  -8.6603 5.0000 V. -01581  -0.2739
TOF(TU_Sun)  20.000 22.000 24.000 26.000 28.000 30.000 32.000 34.000 36.000 38.000 40.000
VSl type | 4617.4 42555 4002.6 3810.7 3654.4 3519.8 3399.1 3288.1 3184.1 3085.6 2991.8
VSI typell 69645.0 766095  83574.0  90538.5  97503.0 100000.0  100000.0  100000.0  100000.0  100000.0  100000.0
csl type | 9803.5 5256.5 4229.3 8277.0 3854.2 2294.1 2839.1 9729.8 2769.2 3574.4 1764.6
csl typell 50144.4  66190.6 421213 456314 421213 571647 722080  51147.3 451300 571646  60173.3
highThrust 99369.4  99086.7  98824.4 986112  98460.4 983731  98342.9  98358.7  98408.6  98480.9  98566.1

Pj 30.000 (MW) nju  180.000 (deg) r -10.0000  -0.0000 V00000  -0.3162
TOF(TU_Sun)  24.000 26.000 28.000 30.000 32.000 34.000 36.000 38.000 40.000 42.000 44.000
Vsl type | 2795.0 2652.5 2556.5 2487.1 2433.0 2387.5 2347.1 2309.4 2273.3 2237.9 2203.1
Vsl typell 83574.0 905385  97503.0 100000.0 1000000  100000.0  100000.0  100000.0  100000.0  100000.0  100000.0
csl type | 5923.3 4295.8 6359.6 4098.5 8041.8 5758.1 7503.3 2269.8 8679.2 2777.9 5029.6
Csl typell 421213 456314 421213 676950  48138.6 426228  54156.0  38109.8 501444 526516  66190.6

highThrust 99108.2 98745.0 98372.4 98023.9 97725.5 97493.0 97331.2 97236.4 97199.5 97209.0 97253.4

Il enginewhosel g is 5,000seccannot reach Venus becauseof an insu cien t thrust level.
There is also a time of ight restriction on VSI type |l engine, where the maximum
allowable | s is 30,000sec. Table 7 shaws the time until massbecomeszerofor a spacecraft
whoseinitial massis 1.0E+05kg (100MT). For example,if the jet power is 30 MW the burn
time should be shorter than 28.717TU. In Table 6, for VSI type Il, all of the spacecraft
mass(100MT) is consumedand therefore the spacecraftcannot readc the target when the

time of ight exceeds30 TU.

Table 7: Time Until SpacecraftMass(mg = 100MT) BecomesZero (in TU _Sun).

I'sp Jet Power (MW)
(sec) 10 20 30
10,000\ 9.572| 4.786| 3.191
20,000 || 38.290| 19.145| 12.763
30,000 96.152| 43.076| 28.717

From these results, sewral facts were obsened. For almost all the cases(any target
condition, jet power, and time of ight), the VSI type | engineis the most e ective. This
is understandable because|if other typesof enginesare more e ectiv e than the VSI type |
engine, the optimizer would not choosethe thrust history with variable I sp. For example,

if the constart |5, engineis more e ectiv e than the variable |5, engine, then the resulting
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control history for VSI type | should look like that of CSI type .

There are someexceptionsthough. If the transfer time is considerablylong, the space-
craft with a CSl type | engine sometimesrevolves around the Sun more than once before
reaching the target planet. This helps lowering the required thrust level drastically, and
therefore the fuel requiremerts are lessthan that of VSI type I. For example, as seenin
table 30, if the target condition is Jupiter with a = 90 for a 10MW jet power and a
time of ight morethan 10 TU, CSl type | requireslessfuel than VSI type I. Fig. 37 shows
the VRML screenshot for this result when the time of ight is 14 TU. The spacecraftfor
these casesrevolves around the Sun more than one time. This happens often when the
target planets are far from the Sun (e.g. Jupiter and Saturn). Currently, SAMURAI does
not always allow the VSI engine to choose a trajectory with more than one revolution.
Howewer, if the appropriate initial guessfor cortrol variables is chosenand a trajectory
with more than onerevolution could be obtained for VSI type |, VSI type | should require
lesspropellant massthan CSI type I, or at least the sameamount of the fuel should be
required. This is due to the samereasonsargued above that if the constart |, history is
more e ectiv e than variable | sp, the cortrol history for variable I s, should look like the one
for constart |gp.

This is conrmed by manually choosing the initial guessof the cortrol variables for
seweral cases. When the initial guessof the control variables is adjusted for a VSI type |
engine so that the spacecrafttravels around the Sun more than one revolution, and if the
resulting tra jectory travels around the Sun more than onerevolution, the fuel requiremert
becomelessthan that of a CSl type | engine.

As explained in Sec.7.1, the range for the time of ight for eat destination is selected
sothat it includesthe time of ight that minimizes the fuel consumption for high thrust. It
is interesting that when the destination is Verus or Mars, the time of igh t that minimizes
the fuel consumption is almost the samevalue for all of v e typesof engines. For example,
the trajectories from Earth to Vernus with a = 120 and a jet power of 10 MW, the
fuel consumption is minimized for all of v e enginesat a time of ight of 1.8 TU. This also

happensfor trajectories from Earth to Mars with a = 90 and a jet power of 10 MW,
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Figure 37: A Trajectory with More Than One Rewolution - CSI type | engine.

where the time of igh t to minimize the fuel consumptionis 2.2 TU.

Howewer, for the destinations far from the Sun (such as the asteroid, Jupiter, and
Saturn), the above statemernt doesnot hold. For a trajectory from Earth to an asteroid with
a = 180 and a jet power of 10 MW, the time of ight that minimizes fuel consumption
for VSl typel is8.0TU, 7.0TU for VSI typell, 7.5TU for CSltypel, 7.0 TU for CSl type
I1, and 9.5 TU for high thrust. This canbe explainedin the following way: if the destination
is near the Sun (and hencethe trajectory is near the Sun), the gravitational force from the
Sundominatesthe spacecraft'smotion, and therefore the accelerationexerted by the engine
is lesse ectiv e than the accelerationdue to the force from the Sun. The trajectories will
then look similar for ead of the engine types and therefore the ight times are similar
for eah. When the spacecraftis far from the Sun, the e ect from the acceleration of the
engineis larger than that of the Sun, and the spacecraftgets more freedom comparedto
the spacecraftnear the Sun. The spacecraftcan then choosethe time of ight that is best
for its enginetype.

For many of the caseswhere the destination of the spacecraftis Jupiter or Saturn,
the fuel consumption for the VSI type | becomessmaller and smaller as the time of ight
becomedonger and longer (such asthe casein Table 27, Earth ! Jupiter with a of 90
and a jet power of 10 MW). Hencefor a VSI typel, it is desirableto have a very long igh t
time, assumingthat there is no constraint on time of ight. It is shown in Fig. 38 that

when the time of igh t is considerablylong, the spacecraftwandersaround between Earth
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Figure 38: A Trajectory with Long Time of Flight - VSI type | engine.

and the target planet and just wastestime. This kind of movemen is possiblebecausethe
spacecratftis far from the Sun and the gravitational force from the Sunis relatively small.

The VSI type | engineis the ctitious enginethat doesnot have any constraint on | gp.
BecauseVSI type |l has a constraint on | p, it always requires more propellant than type
I, or at least the sameamourt of the propellant astype l. When the time of ight is very
short and the constraint on | g, is always inactive and the cortrol is exactly the sameasin
type |, then the fuel consumption is alsothe same. On the other hand, asthe time of ight
increasesbecausea a lower thrust will be usedfor a longertime of ight, the duration the
constraint is active becomedonger. At a certain point when the time of ight is very long,
the Isp constraint becomesalways active, then a VSI type Il engineacts like a CSI type |

engine (constart thrust and constart | gp).

Table 8: Fuel Consumption for VSI type Il and CSl type | (kg).

TOF (TU _Sun) 9.0 10.0 11.0 12.0 13.0 14.0
VSI type Il 28647.2| 23229.7| 31611.1| 27858.0| 30179.5| 32501.0
CSl type | 24109.9| 23215.0| 25536.5| 27858.0| 30179.5| 32501.0

Initial massis 100,000kg.
Maximum allowable I s, for CSl type | is 30,000sec.

Table 8 shaws the fuel consumption for VSI type Il and CSI type | for a trajectory
from Earth to Jupiter with a of 90 and a jet power of 10 MW. The I for this case

is constrained at a maximum allowable | s of 30,000sec. As seenin this table, when the
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Figure 39: VSI type Il: Thrust History for Dierent Levelsof I s, Limit.

time of ight exceedsl2 TU, the fuel consumption for both enginesbecomeshe same. The
thrust level for both enginesis constart throughout the travel time with 30,000sec sp.
Using a VSI enginein this way is not recommendedbecausethe merit of using a VSI engine
is that it can modulate its thrust and I sp.

Figs. 39 and 40 show examplesof the relationships amongthrust, Isp, and I sp constraints
for the VSI engine. It is showvn in Fig. 39 that, asthe constrained | sp level decreasesthe
thrust level for unconstrained part decreasesas well. This is becausethe spacecraftmust
spend unnecessaryfuel during the constrained arcs, and therefore during the unconstrained
arcslessthrust is enough. When the constrained| sp level reaches6,736sec,the enginedoes
not have to modulate its thrust and | s, any more, and the thrust level is constart at 302.8
N throughout the trajectory. If the constrained| sp level is lessthan 6,736secthe spacecraft
starts wasting the fuel becauseit hasto exhaust more fuel than it needsto accomplishthe
mission.

From the discussionsup to this point, the following statemert could be derived: the fuel
consumption for VSI type Il enginewith an |, limit of x secondsis always between that

of the VSI type | and that of the CSI type | enginewhosel g, is x seconds.
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Fig. 41 is the fuel consumption divided by the initial mass(100 MT) for dierent Igp
constraint levels. The value at an Iy limit of 60,000secis the value for unconstrained
case. It is easily seenthat asthe | limit decreasesthe thrust level and fuel consumption

increase.

Figs. 42 and 43 shov examples of the relationships among thrust, Isp, and the Igp
constraints for the CSI type |l engines. The initial and target conditions and time of igh t
are the sameasthe onesusedfor the VSI type Il enginesin the above discussion.

When the I level is low, the thrust history looks like the one for a high thrust engine.
Short burns are also required at the departure and at the arrival portions of the tra jectory.
As the | sp level increasesmore burn time will be required becausethe thrust level decreases,
and when the |, reades 6,736 sec, the engine with a thrust of 302.8 N hasto be on in
order for the spacecraftto reac the target.

Fig. 44 is the fuel consumption of the CSI type Il enginesfor dierent I, levels. For

91



0.6
0.59 —— VSl type Il
0.58 - = VSltypel
Y
.56 o+eeseeeerfeeeeeeererrs s
R
e e
T
1

0.51 \ \ T
0 20000 40000 60000

Fuel consumption /
Initial Mass

Isp limit (sec)

Figure 41: VSI type Il: Fuel Consumption for Dierent Levelsof | g5 Limit.

1200
1000 ™ —2000s¢c | —
——3000sec
——4000sec
800 4|
5000sec
_ ——6000sec
S R e B — —6736sec |
3
B e o J S e e S—
20 4
0 ‘ ‘ ‘
0 30 60 90 120 150

time (day)

Figure 42: CSl typell: Thrust History for Dierent Levels of | sp.

92



8000

TOO00  -eeeeeee i
6000 4——
5000 4
S 4000 b——
@2
3
= 3000 &b bl —2000sec || ... | ...
——3000sec
2000 b b —4000sec || .|
5000sec r
1000 oo ——6000sec | b
—6736sec
0 ‘ ' ‘ ‘
0 30 60 90 120 150
time (day)

Figure 43: CSltypell: Isp History for Dierent Levelsof Ip.

reference,the fuel consumption for high thrust with 450 secl sp is shaovn in this gure. It
is interesting that the fuel consumption for a 6,736secl sp cortinuousthrust engineis more
than that of 6,000secor 5,000secbang-o -bang engine. That meansthe higher | s is not
always e ectiv e for the CSI engineif the engine hasthe capability of switching onand o.

In somecasesnot ring the enginearound the midpoint of the tra jectory positively impacts
the fuel consumption. This kind of result is often obtained (such asa trajectory from Earth
to Verus with a of 90, a jet power of 10 MW, and a 1.4to 2.0 TU time of ight as
is shawn in in Table 5) where the engine should only be red at the departure and arrival

segmers of the trajectory in order to save fuel.

7.4 Relationship among Fuel Consumption, Jet Power, and
Travel Distanc e

An additional calculation is performed in order to answer the following question: Is it
possibleto determine a relationship betweenthe fuel consumption and the jet power, or

betweenthe fuel consumption and the distance betweendeparture and arrival planets?
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Figure 44: CSl type Il: Fuel Consumption for Dierent Levelsof Igp.

Several additional trajectories are calculated from Earth to Mercury, Verus, Mars, the
asteroid, Jupiter, and Saturn whose 's from Earth are 180 , and seeral valuesof time of
igh t are considered. Fuel consumption for the VSI type | and CSl type| enginesare calcu-
lated and compared. The shorter time of igh t waschosenfor examplesin this section. This
is becausea longer time of ight may result in a trajectory with more than one revolution
for the CSI type | engine,which may causetrouble in comparing fuel consumption.

Fig. 45 shows the relative fuel consumption of the VSI type | with respect to CSI type
I. The valuesshown in the gure are\fuel consumedwith VSI" divided by \fuel consumed
with CSI". Therefore lower valuesmeanthat usinga VSI type | engineneedslessfuel than
a CSl type | engine. This gure shaw that a higher power to massratio (P=m) is always
better for the VSI engines. This result coincideswith the result from the preliminary study
of a simple trajectory outlined in Chap. 4.

Fig. 46 shaws the relative fuel consumption as a function of distance betweenthe Sun
and the target planet. |, for CSl for eac missionis maximized sothat the fuel consumption
is minimized for eat case. From this gure, we may concludethat it is more e ective to
usethe VSI engine near the Sun. Howewer, becausethese values are strongly a ected by

the time of ight and the jet power, the above conclusionmay not hold for ewvery case. If

94



Mercury
1
» 09
S= o8
>0 Y ———¢
20 07 | +10MV\&. P
% g 06 | —m— 20MW \‘\A—k—l
8§ c | —a—30mu
I 0.5 | . . .
0.5 1 1.5 2 25
Time of Flight (TU_Sun)
Mars
1
1]
g2 08 ¢ 10MW
£S 07 [ = 20MW
=0
82 06 | |—a—30MW
a
0.5 , . ‘ . .
15 2 25 3 35 4 45
Time of Flight (TU_Sun)
Jupiter
1
09 |
?_. 08
2% —e—10M
20
EX 07 H_ @ 20MV
T 0
82 06 1 |—a—30M
&
0.5 . . . : .
3 4 5 6 7 8 9

Time of Flight (TU_Sun)

Propellant Mass

Propellant Mass

Propellant Mass

(vsh/csly

(vshy/csly

(VshiCsl)

0.9
0.8
0.7
0.6
0.5

0.9
0.8
0.7
0.6
0.5

0.9

0.8

0.7

0.6

0.5

Figure 45: Relative Fuel Consumption of VSI with

Power.

95

Venus

| —e—10Mw
| —=—20Mmw
| —a—30MW
15

1
Time of Flight (TU_Sun)

Asteroids

| | —e—10M
[ | —m—20M
—a— 30MV)

3 4 5
Time of Flight (TU_Sun)

Saturn

—e— 10M

| | —m—20M
—a— 30MW

6 8
Time of Flight (TU_Sun)

10 12

respect to CSIl: Comparison by Jet



0.9

LL 13

¢ PO

0. 85

0.8

[RER KK B KK CCL 3

LI JC 3K 3
WP 1 19196 =6

e (1 a ey e

® I e

o
~
i

+| o e

0.6 « TOMAL
20M\

- 30MW/
0.5 : : . : . |
0 2 4 6 8 10 12

Di stance fromthe Sun (AU)

Propel l ant Mass (VSI)/(CSI)

Figure 46: Relative Fuel Consumption of VSI with respectto CSI: Comparisonby Distance
from the Sun (The Best Iy is Chosenfor Each CSI Mission).

this conclusionis true, the result doesnot coincide with the result from Chap. 4 becausein
Chap. 4 we concludedthat the merit of using a VSI engineincreasesas the travel distance
increases.

In Chap. 4, the I, valuesfor the CSI engine (type ) are the samefor all cases.Hence
the fuel consumption is proportional to the time of ight. Whereasin this chapter the I
level for CSI in ead caseis di erent becauseSAMURAI calculatesthe minimum required
thrust (and therefore maximum required | sp) that allows the spacecraftread its target. In
such a casethe fuel consumption is very likely to decreaseas the time of ight increases.
This is becauseas the time of ight increases,Jower thrust level may be su cien t. Fig. 48
shows the fuel consumption for both the VSI and CSI engineswhere the |, for the CSI
enginecan be freely chosen. As shown in this gure, I, level for both CSl and VSI decreases
asthe time of ight increasesbecauselesserthrust is su cien t for a longer time of igh t.

Fig. 47 shaws the relative fuel consumption as a function of distance betweenthe Sun
and the target planet. In this gure, Is, for CSl is the same (30,000 sec)for all missions.
This gure shows that as the travel distance increasesusing VSI enginesis more e cien t

than using CSI engines. This results coincide with the results from Chap. 4.
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Fig. 49 shows the fuel consumption for both the VSI and CSI engineswhere the |, of
the CSl is xed to 15,000secfor all cases. Somepoints for CSI are missing becauseat
thesepoints the I sp of 15,000secis too high and therefore the thrust is too low to read the
target. When the I is xed, the fuel consumption for the CSI increasesastime of ight
increasesbhecausefuel consumption is proportional to the time of ight. It is apparert that
when a xed value of |, is usedfor the CSI engine, more fuel is required as the distance
from the Sun and the target planet increases,becauseit usually takes more time to get
there. This meansthat a VSI engine gets more advantageousthan a CSI engine as the
distance betweenthe Sun and the target planet increases.

In summary, these statemerts are obtained:

The merit of using a VSI engineagainst a CSI engineincreasesas the power to mass

ratio of the spacecraftincreases.

The merit of using a VSI engine over that of a CSl enginemay increaseor decrease

asthe travel distance increasesdepending on the problem settings.

{ If the I5p level of the CSI engineis xed for any missionpro le (any time of ight
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and any target conditions), the relative merit of using a VSI engineincreasesas
the travel distance increases. Therefore, using a VSI engine for a transfer to

Pluto is the most e cien t.

If the best I, level for the CSI engine is chosenfor ead mission depending
on the mission pro le, the merit of using a VSI engine decreasesas the travel
distance increases. Hence, using a VSI engine for a transfer to Mercury is the

most e cien t.
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CHAPTER VI I

NUMERICAL EXAMPLES: \REAL WORLD" PROBLEMS

In this chapter, the real ephemerisof planets is usedto calculate the transfer trajectories
from Earth to various planets. Engines consideredin this chapter are VSI type Il (con-
strained Isp) with maximum allowable I s, of 30,000sec, CSI type | (continuous thrust),
CSl type Il (bang-o -bang) with 5,000seclsp, and high thrust with 450 secl gp.

Although the result of the VSI type | enginewith no constraint on | s, (and therefore
unrealistic) was not compared with the results of other types of engines,it was used to
estimate the departure date and time of ight that minimize fuel consumption for other
typesof enginesbecausecomputationally the VSI type | can be solved faster. As stated in
the last chapter, the value of time of igh t that minimizesthe fuel consumptionis sometimes
the samefor ead enginetype, and therefore the result of the VSI type | is useful. Ten
MW's of jet power is assumedfor all cases.

Before going to the actual calculations, the concept of \synodic period" is introduced.
A synadic period is de ned as the time required for any phaseangle betweentwo planets
to repeat itself [12]. This parameter is usedto determine the launch opportunity. For two
planets whose periods are p and g, the synodic period is expressedas 1=(1=p 1=0 =
po=(qg p). If we miss a particular launch opportunity, we must wait until a desirable
phase angle comesaround again. For example, the synodic period of Earth and Mars
is 780 days (2.14 years), and Earth and Venus is 584 days (1.6 years). So if we miss a
launch opportunity to Mars, we have to wait until the next opportunity comes2.14 years
later. Usually transfer trajectory calculation for one synodic period is enoughbecausefuel

requiremerts shaow repetitiv e patterns for ead synodic period.
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8.1 Scientic Mission to Venus

8.1.1 Venus Exploration

If Earth had a twin, it would be Verus. Verus is sometimescalled Earth's \sister planet."
The two planets are similar in size, mass, composition, and distance from the Sun. But
there are also many di erences. Verus has no oceans,and it is covered by thick, rapidly
spinning clouds that trap surfaceheat. Therefore the surfacetemperature is over 450 C,
hotter than the surfaceof the planet Mercury. The high density of the atmosphereresults
in a surfacepressure90 times that of Earth. BecauseVenus re ects so much sunlight, it is
usually the brightest planet in the sky.

Seweral probes have beensert to Vernus so far. Two of them landed on the Venusian
surface. The Magellan probe, launched in 1989, wasthe last spacecraftsert to Venus. This
is partly becauseVenus seemdessinteresting than Mars and other outer planets. However,
the ESA (European SpaceAgency) is planning to launch a Venus orbiter mission named

\V enus Express(VEX)" in November 2005.
8.1.2 Problem Description

Becausethe synaodic period of Earth and Verus is 584 days, a grid seart for launch date
is performed for a 600-day range starting from Jan. 1, 2010. At rst a wide rangein time
of ight is considered,then this range is narrowed down to an appropriate value, and the
state and cortrol variables for minimum fuel transfer for ead enginetype were analyzed.

The initial massof the spacecraftis setto 100 MT.

8.1.3 Results

Fig. 50 shaws the normalized fuel requiremerts for VSI type Il with a 30,000secl s, con-
straint. A 600-day range of launch dates starting from Jan. 1, 2010, with the time of ight
between100and 300days are calculated. A resulting value of 1.0 meanseither the program
failed to calculate the results, or the massbecomeszero before reaching Verus. As shavn
in this gure, there is a region with very low values. For example, if the spacecraftleaves

Earth on Aug. 1, 2010,and time of igh t is 160 days, the fuel requiremert is just 3,195kg.
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Fig. 51 shows the trajectory for this casedrawn using VRML. The short red arrows along
the trajectory shawsthe thrust directions. For this trajectory, the I sp level is always 30,000
sec. In this case,if the time of ight is not restricted, the fuel consumption could be lowered
by extending time of ight. Howewer, using a VSI enginein this way is not desirable. As
shown in Fig. 51, the thrust vectorsare not aligned neatly around the midpoint. This is due
to the fact that an enginethat always operatesat its maximum | sp hasto expel more fuel
than required, becausethe spacecraftwastesfuel by thrusting in inappropriate directions.
To avoid this from happening, we would rather shorten the time of ight.

The time of ight can be shortened at the expenseof higher fuel cost. This would
sa/e mission operating cost and may mitigate the degradation of instruments due to the
radiation from the Sun.

Fig. 52 shows the fuel requiremerts for the VSI type |l for a 600-day range of departure

dates with a time of ight between 60 and 90 days. If we choose Sep. 18, 2010, as the
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Figure 51: Trajectory from Earth to Venus with 160-day Time of Flight.
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Figure 52: Fuel Consumption for VSI type Il. Earth { Verus.
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Figure 53: VSI type |l Trajectory from Earth to Venus with 90-day Time of Flight.

departure date with a 90-day time of ight, the minimum fuel consumption is achieved
(14,302 kg). Fig. 53 shaws the transfer trajectory, with thrust magnitude and direction
displayed. Fig. 54 is the thrust steeringanglesand Fig. 55 shows the thrust magnitude and
I'sp. Note that higher thrust is required at both departure and arrival. The thrust direction
at departure is determined sothat the spacecraftslows down and headsinto a Venus' orbit
which is inside the Earth's orbit. When the spacecraftnearsVerus, the spacecraftfurther
slows down to capture into Venus' orbit. Around the mid point of the trajectory, the I
constraint becomesactive and the engineis operated with its maximum | s, of 30,000sec.

This correspondsto a thrust level of 68 N.

The samegrid seard is performed for CSl type I. The fuel requiremerts for a 600-day
departure range with 60 to 90 day time of ight is shown in Fig. 56. The minimum fuel
requiremert for a 90-day time of ight is 18,865kg, when the departure date of Sep. 8,
2010, is used. Fig. 57 is a screenshot of the VRML for this trajectory. Similar to the VSI

type ll, in order to read the inner planet the spacecratftinitially slows down its speed by
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expelling the fuel in the direction opposite to the velocity.
Fig. 58 shaws the steering angle, and Fig. 59 is the thrust level and corresponding | sp
usedthroughout the CSI type | mission. A thrust level of 220N is required for this 90-day

transfer with corresponding | sp of 9,270sec.

The trajectory for the CSI type Il with a 5,000secl s, limit looks similar to the onein
Fig. 60, resulting in a bang-o -bang control. When the departure date is Sep.18, 2010,the
fuel consumption is minimized (20,702kg) for the 90-day time of igh t.

Fig. 61 shaws thrust steering angle, and Fig. 62 shows thrust magnitude and I sp. The
engineis on for 13.5 days at the departure, and 14.4 days at the arrival. The thrust level

corresponding to an s, of 5,000secis 408 N when the jet power is 10 MW.

Fig. 63 shawnsthe fuel requiremerts for an Earth to Venustransfer orbit with high thrust.
A 60to 90-day time of igh t is considered. When the time of igh t is 90 days, the minimum
fuel required departure date is Sep. 8, 2010. The required V at the departure is 4.116
km/s, and the V at the arrival is 5.051km/s. Wish the assumed450 secof | sp, the total
fuel consumption is 87,475kg. That meansthe weight of the probe may be restricted to

lessthan a few percert of the initial massunlessnon-zeroC3's are assumed.
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Figure 57: CSI Type | Trajectory from Earth to Vernus with 90-day Time of Flight.
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Theseresults concludedthat the VSI typell is most e ectiv e engine(least fuel required).
As concludedin the last chapter, the departure date that minimizes the fuel requiremerts,

is almost the samefor all enginetypes.

8.2 Human Mission to Mars: Round Trip
8.2.1 Mars Exploration

Outside of the Earth-Mo on system, Mars is the most hospitable body in the solar system
for humans and is currently the only real candidate for future human exploration and
colonization [1].

In August of 1992, a "Why Mars" workshop was held in Houston, Texas. Six major
elemeris behind the motivation for human Mars exploration wereintro ducedby a consultart

team consisting of 16 professionalsfrom acrossthe country.

Human Evolution { Mars is the next logical step in the expansionof the human race

into the stars.

Comparative Planetology { by understanding Mars and its ewolution as a planet, a

better understanding of Earth will be achieved.

International Cooperation { an international Mars exploration e ort hasthe potential

to bring about a senseof global unity as never seenbefore.

Tednological Advancemen { the dewelopmert of new and improved technologiesfor
the Mars missionwill enhancethe livesof those on Earth while encouraginghigh-tech

industry.

Inspiration { the human Mars exploration missionwill test our technological abilities
to their maximum. The ingeruity of the mobilized populace will be tested and our
accomplishmens will sere to inspire future generations. A common focus will unite

peoplefrom around the world asthey expand the envelope of achievability.

Investmen { the cost of a crewed Mars exploration mission is reasonablewhen com-

pared with the costsof other current societal expenditures.
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8.2.2 Problem Description

Unlike unmanned missionswhosetime of ight is lessimportant, the travel time for the
human mission should be as short as possible in order to reduce crew exposure to zero
gravity and cosmicradiation.

Therefore, in this section, the time of ight for ead leg (outbound and inbound) is
constrained between 90 days and 120 days. This range is much shorter than the planned
missionsby the chemical rockets whosetime of ight is around 8 months. A grid seard for
departure date is conductedto nd the best launch date that achievesthe minimum fuel
consumption. The range of departure dates for the outbound legis 3,650days from Jan. 1,
2010with 10-day incremerts, and the range for inbound leg is 4,000 days from April. 1,
2010with 10-day incremerts. Becausethe synodic period of Earth and Mars is about 2.14
years, there should exist about 4 to 5 minima in these seard ranges. Time of ight was
consideredfrom 90to 120 days with 10-day incremerts.

The initial outbound massof the spacecraftis setto 100MT. Although the actual initial
massfor inbound leg may vary depending on the fuel consumption during the outbound
leg, BOMT is assumed.The |, constraint for VSI type Il is 30,000secand for CSI type Il

the Isp is setto 5,000sec.
8.2.3 Results

At rst, agrid seart for aVSI typel engineis performed. From this result, seard rangesfor
VSI typell, CSI, and high thrust are determined. Fig. 64 and 65 shaw the fuel requiremerts

for the outbound and inbound segmeits over a 10-year seard range.

Table 9: Earth { Mars Round Trip Fuel Consumption for VSI type |

Outbound Inbound Total

No. | Day | TOF Fuel | Day | TOF Fuel Fuel | Time
760 | 120 31,055| 1,520| 120 27,870| 58,925| 1,640
1,530| 120 24,573| 2,310| 120 14,502| 39,075]| 2,430
2,310| 120 18,149| 3,090| 120| 9,888 28,037 3,210
3,080 120 13,182| 3,870| 120 11,807 | 24,989 3,990
Day: Day from Jan. 1, 2010, TOF (day), Fuel (kg), Time (day).

AIWN PP
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Table 9 shaws the opportunities for an Earth { Mars round trip. It showsthe departure
date expressedasthe number of days from Jan. 1, 2010,aswell asthe fuel requiremerts, the
time of ight for outbound and inbound legs, the total fuel requiremerts, and the total trip
time. It is shown in Table 9 that the launch opportunity for VSI type | which minimizesthe
fuel consumption occurs when the spacecraftleaves Earth on the 3,080th day from Jan. 1,
2010, which is May 29, 2018, and leaves Mars on the 3,870the day, which is Aug. 6, 2020.
Figs. 64 and 65 show that the bestlaunch opportunit y for the outbound trip may also exist
betweenDay 3,000and 3,200,and Day 3,700to 4,000for the inbound trip for other types
of rockets. Basedon theseresults, a ner grid seart is performed around these departure
datesfor VSI typell, CSltypel and Il, and high thrust. Figs. 66 and 67 shaw relative fuel
requiremerts for a VSI type Il enginefor outbound trajectory and for inbound tra jectory,
respectively. Figs. 68 and 69 show the samequartities for a CSl type | engine, Figs. 70 and

71 are for a CSl type Il engine,and Figs. 72 and 73 for a high thrust engine.

From these results, the minimum points for all casesexist around the 3,070th day for

outbound and the 3,780thday for inbound. Further analyseswith a ner grid are performed
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Figure 73: Fuel Consumption for High
Thrust: Earth { Mars Inbound.

around thesedays. Table 10 shaws the departure date, time of igh t, and required fuel for
the minimum fuel required casesfor VSI type Il, CSl type |, CSl type Il, and high thrust.

For high thrust, V is shown instead of fuel consumption.

Table 10: Earth { Mars Round Trip Fuel Consumption

Outb ound Inbound Total
Departure | TOF Fuel Departure | TOF Fuel Fuel | Time
VSl typell | 06/02/2018 120 | 12,959 | 08/03/2020 120 9,584 | 22,543| 913
CSl type | 06/01/2018 120 | 16,716 | 08/02/2020 120 12,441 29,157 | 913
CSl typell | 05/31/2018 120 | 20,702 | 07/27/2020 120 17,252 | 37,954| 908
High Thrust | 06/02/2018 120 | (9.553) | 08/04/2020 120 | (10.225) | (19.778) | 914

TOF (day), Fuel (kg), Time (day). For High Thrust V (km/s) is shown in parentheses.

Fig. 74 shavs both outbound and inbound tra jectories. The spacecraftleavesfrom Earth
on June 2, 2018, and arrivesat Mars on Sep. 30, 2018, with 12,959kg of fuel consumption.
The crew stay on Mars is 673 days. For the returning leg, the spacecraftdeparts Mars on
Aug. 3, 2020,and arrivesat Earth on Dec. 1, 2020, with 9,484kg of fuel consumption. The
total trip time is 913 days and total fuel consumptionis 22,543kg. As seenin this gure, a
higher thrust is required at both departure and arrival phasesof the trajectory. Fig. 75is
the steering angle and Fig. 76 is the thrust magnitude and | s, for the outbound trajectory

with a VSI type Il engine. Fig. 77 and Fig. 78 are for the inbound trajectory.
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Earth Arrival
12/01/2020

Mars Arrival
09/30/2018

Earth Departure
06/02/2018 Mars Departure
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Figure 74: VSI Type Il Trajectory from Earth to Mars with 120-day Time of Flight.

The in-plane thrust angle for outbound and for inbound are completely di erent. The
thrust direction for the rst half of the outbound phaseis directed outward so that the
spacecraft reaches the Martian orbit which is outside the Earth orbit. Then around the
midpoint where the thrust magnitude is now constrained and has its minimum value, the
thrust direction ips from outward to inward sothat the velocity of the spacecraftmatches
the velocity of Mars at the arrival date. For the inbound tra jectory, the thrust direction for
the rst half is made sothat the spacecraftdeceleratesand is sert bac into Earth orbit.
Around the midpoint the direction changesso that the spacecraft can satisfy the nal
position and velocity requiremerts. Becausethe inclination of Martian orbit is small(1.85

to ecliptic plane), the out-of-plane thrust angleis small for both outbound and inbound.

Similar trajectories are drawn for CSl typel. Fig. 79 shows both outbound and inbound
trajectories for round trip. The spacecraftleavesfrom Earth on June 1, 2018, and arrives
at Mars on Sep. 29, 2018, with 16,716kg of fuel consumption. Then the crew stays on the
Mars surfacefor 673 days. For returning leg, the spacecraftdeparts Mars on Aug. 2, 2020,

and arrivesat Earth on Nov. 30, 2020,with 12,441kg fuel consumption. Total trip time is
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Earth Arrival
11/30/2020

Mars Arrival
09/29/2018
Earth Departure
06/01/2018 Mars Departure
08/02/2020

Figure 79: CSI Type| Trajectory from Earth to Mars with 120-day Time of Flight.

913 days and total fuel consumption is 29,157kg.

Although the thrust level is xed throughout the trajectory For CSl type I, the history
of the thrust direction is similar to that of VSI typell. Around the midpoint, the direction
completely changesfor both the outbound and inbound tra jectories.

Fig. 80 shows the transfer trajectories of both the outbound and inbound for CSI type
Il. The spacecraftleavesfrom Earth on May 31, 2018,and arrivesat Mars on Sep.28, 2018,
with 20,702kg of fuel consumption. The crew stays on the Mars surfaceis for 678 days.
For the returning leg, the spacecraftdeparts Mars on July 27, 2020, and arrivesat Earth
on Nov. 24, 2020, with 17,252kg fuel consumption. Total trip time is 908 days and total
fuel consumption is 37,954kg.

Fig. 81 is the steering angle, and Fig. 82 is the thrust magnitude and I history for
the outbound transfer of a CSl type Il engine. The engineis on for 13.2 days at departure
and 19.2 days at arrival. The rst burn is made outward and boosts the spacecraftinto
the trans-Mars injection. As the spacecraftapproades Mars, an additional inward burn
is made so that the spacecraft satis es the target conditions. The histories of the same

parametersfor inbound transfer are shown in Figs. 83 and 84.
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Earth Arrival
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Mars Arrival
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Figure 80: CSI Type |l Trajectory from Earth to Mars with 120-day Time of Flight.

For high thrust, if the time of ight constraint is 120 days for both legsthe V is 9.553
km/s for the outbound leg and 10.225km/s for the inbound leg. Using these values, the
fuel consumption for the outbound leg is 88,712kg for an initial massof 100 MT, assuming
that the Isp is 450 sec. Assuming no fuel consumption during the stay, the inbound initial
massis 11,288kg. The required fuel for the inbound leg is 10,176kg,and the nal mass
is 1,113kg. These valuesseemsunacceptablebecausethe structural masswould likely be
greaterthan 1,113kg. To make the mission plan more realistic, the following option can be

thought:
Assumenon-zeroC3 at departure and at arrival.
Utilize in-situ resourceproduction.
Conduct aero-captureat Mars arrival and Earth arrival.

Increasetime of ight.
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In reality the spacecraftusually has somenon-zerovalue of C3. If a spacecraftleaves
LEO and headsto Mars it should have some velocity when it escagpes from the Earth's
sphereof in uence.

In-situ resourceutilization is the processof using the materials available in the environ-
ment. For a Mars mission, this typically refersto using atmospheric materials to make fuel.
Mars has an atmosphereof 95% carbon dioxide, or CO,, and can be reacted directly with
the hydrogen brought from Earth as: 3CO, + 6H, ! CH4 + 2CO + 4H,0. If the water
obtained from this reaction is run through a simple electrolysis process,i.e.: 2H,O ! 2H,
+ O, the hydrogen trapped in the water as a result of the rst equation can be brought
bad to product more and more methane, with a large amount of oxygen being produced
that could sene as a badup to the life-supporting systemsof the Mars habitat.

Aero-capture could also be usedto capture into Earth and Mars orbit, this could help
decreasethe fuel requiremerts. The possibility of aero-capture is not analyzed in this
researd.

Finally, to explore the possibility of saving the fuel by increasingthe time of ight, a
broaderrangefor time of ight is seardied. The seart rangeis now 100to 400days for both
legs. The minimum fuel transfer is achieved when the spacecraftleaves Earth on May 1,
2018, and arrivesat Mars on Nov. 17, 2018, and then leaves Mars on June 29, 2020, and
arrivesat Earth on Jan. 5, 2021. The time of igh t is 200days for the outbound leg and 190
days for the inbound leg. The V for the outbound legis 6.013km/sec, and 6.810km/sec
for the inbound leg. The fuel consumption for the outbound legis 74,403kg, and if no fuel
is consumedduring the stay, then the initial inbound massis 25,597kg. The inbound leg
requires 20,127kg of fuel, and givesa nal massof 5,470kg. If other techniquesintroduced

above are used, the fuel consumption could be lowered.
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Figure 85: JIMO: Jupiter Icy Moons Orbiter [3].

8.3 JIMO: Jupiter Icy Moons Orbiter
8.3.1 JIMO Overview

NASA is currently in the preliminary de nition phasefor a \Jupiter Icy Moons Orbiter
(JIMO)" probe, which will perform detailed obsenations of Ganymede, Callisto, and par-
ticularly Europa. They may harbor vast oceansbeneaththeir icy surfaces.JIMO is expected
to be powered by an advancednuclear electric propulsion system [6] [3].

The JIMO mission hasthree major sciencegoals:

1. Potential for Life: The missionwould scout the potential for sustaining life on these

moons.

2. Origins and Evolution: Another main scienceobjective would be to investigate the

origin and ewolution of these moons.

3. Radiation Environments: The mission would also determine the radiation environ-
mernts around thesemoonsand the rates at which the moonsare weatheredby material

hitting their surfaces.

Becausethe proposedJIMO requires the developmert and testing of many new tech-

nologies,the mission would not launch until 2011or later.
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Figure 86: Fuel Consumption for VSI type I: Earth { Jupiter.

8.3.2 Problem Description

The synaodic period of Earth and Jupiter is 398.9days. The fuel requiremerts for a 400-day
range of departure dates are searded starting from Jan. 1, 2010. Initially , a wide range of
time of ight was considered,and then from the results, an appropriate value of time of
igh t was chosenand a more preciseanalysescould be conducted.

For this section, an upper I sp limit for CSl type | is setto 30,000sec. The I limit for
VSI type Il is the sameas the last sections (30,000 sec), and Isp level for CSI type Il is
5,000sec.

8.3.3 Results

The trajectory for a VSI type | enginewas analyzedto narrow the seart range. Fig. 86
shawsthe fuel requiremerts for a transfer from Earth to Jupiter. The minimum-fuel transfer
occurs when the spacecraft departs around 100 days after Jan. 1, 2010. A more precise
analysisis performed around thesedays for VSI typell, CSl typel and |1, and high thrust.

Fig. 87 shows the fuel requiremerts for an Earth to Jupiter transfer with VSI typell for
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Figure 87: Fuel Consumption for VSI type Il: Earth { Jupiter.

seeral departure dates. When the time of igh t is lessthan 600days, the fuel requiremerts
decreaseas the time of ight increases.For a time of igh t greater than 600 days, the fuel
requiremerts increaseas time of ight increases. When the time of ight exceedsabout
600days, the | sp constraint (30,000sec)becomesactive throughout the trajectory, and the
enginewill operate like a CSI enginewith |, level of 30,000secfor the ertire ight time.
As stated in Sec.8.1, this is not an appropriate way to operate a VSI engine.

Fig. 88 shaws the relative fuel consumption for an Earth to Jupiter transfer with CSI
type | for seweral departure dates. For CSl type |, similar tendency can be seenin the fuel
consumption vs. time of ight asis seenfor VSI type Il. If the time of ight is lessthan
600 days, higher thrust is required, but when the time of igh t exceeds600 days, the | 5y is
always on its constraint (30,000sec)and the spacecraftstarts to waste the fuel.

From the results above, a faster transfer is assumed,and the time of ight is xed to
365days. The departure date for all of the following calculation is setto April 1, 2010.

Fig. 89 shaws the transfer trajectory for a 365-day time of ight. The trajectory goes

inside the Earth's orbit to achieve a fast transfer. Fig. 90 is the history of thrust steering
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Figure 88: Fuel Consumption for CSI type I: Earth { Jupiter.

angle, and Fig. 91 is the history of thrust and Isp for VSI type Il with a 365-day time of
ight. With this ight 41,554.9kg of fuel is consumed.

Fig. 92 is a screenshot of the VRML for Earth { Jupiter transfer with CSI type |
departing April 1, 2010, and a 365-day time of ight. Fig. 93 is the history of thrust
steering angle, and Fig. 94 is the histories of thrust and I, for CSI type I. The thrust
direction is similar to that of VSI type Il. For a 365-dgy mission, 173 N of thrust level is
required. The corresponding Isp is 11,816secwith 46,979.5kg of fuel consumedfor this

transfer.

Fig. 95is the trajectory from Earth to Jupiter with CSltypell departing April 1, 2010,
with a 365-day time of ight. Fig. 96 is the history of thrust steering angle, and Fig. 97 is
the history of thrust and I sp for CSl type Il with a 365-day time of igh t. The engineis on

for 48.4days at departure, and 69.7 days at arrival. Total fuel consumption is 60,344.9kg.
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Figure 89: Transfer Trajectory for VSI type Il: Earth { Jupiter.
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Figure 92: Transfer Trajectory for CSl type I: Earth { Jupiter.
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Figure 95: Transfer Trajectory for CSl type II: Earth { Jupiter.
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8.4 Uranus and beyond

A transfer orbit to planets such as Uranus, Neptune, and Pluto, the launch opportunity
comesabout once a year becausethe synodic period for Earth and these planets is about
oneyear. In this section a transfer trajectory from Earth to Uranus is analyzed. Transfer
trajectories to other two planets should be similar.

One thing we should remenber in computing a transfer trajectory to the planet far
from the Sunis that asthe transfer time getslonger, we needto think about the maximum
allowable burn time. Considera spacecraftwith 100MT (1.0E+05 kg) of initial fuelandaa
VSI typell enginewith a 30,000secl sp limit. If the jet poweris 30 MW the propellant mass
ow becomesmprop = 2P3=(go Isp)2 = 6.933E-04kg/s. Then it takes1.0E+05/6.9334E-04
= 1.4424E+08sec= 1669.4days = 4.57 yearsuntil the spacecraftmassbecomeszero. For
a jet power of 10 MW, 5008.2days or 13.712yearsis the time limit. We should reac the
target planet at least by then. For a CSl type Il enginewith 10 MW jet power and 5,000
seclsp, Mprop is 8.3197E-03kg/s, and the burn time should be lessthan 139.1days.

A grid seart for a 400-dgy range of departure date from Jan. 1, 2010, is conducted for
VSI type | engine. The time of ight is xed to 1,000days. The minimum fuel trajectory
is achieved when the spacecraftis launched on Aug. 28, 2010. Using this launch date and
a 1,000-da time of igh t, transfer trajectories for VSI type Il, CSl typel, and CSl typell
are calculated.

Figs. 98to 103shaw the transfer tra jectoriesfrom Earth to Uranus with 1,000-da time
of ight. 10MW of jet power is powerful enoughto get the spacecraftto Uranus within
the 1,000-da limit. For thesetypesof engines,the trajectory is almost straight to Uranus.
Fuel requiremerts are: 36,361.9kg for VSI type Il, 46,514.0kg for CSI type |, 69006.7kg
for CSl type Il. The thrust level for CSl type | is 103.8N (corresponding I sp is 19,656sec),

and burn time for CSI type Il is 94 days (54 days at departure, 40 days at arrival).
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Figure 99: Departure Phase of Trans-

Figure 98: Transfer Trajectory for VSI fer Trajectory for VSI type Il: Earth {
type ll: Earth { Uranus. Uranus.

Figure 100: Transfer Trajectory for CSI Figure 101: Departure Phaseof Transfer
type I: Earth { Uranus. Trajectory for CSltypel: Earth { Uranus.
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' ' Figure 103: Departure Phase of Trans-
Figure 102: Transfer Trajectory for CSI fer Trajectory for CSI type |l: Earth {
type ll: Earth { Uranus. Uranus.

8.5 Swing-by Trajectories with Mars

The nal examplesanalyzedin this chapter are transfer trajectories utilizing a Mars swing-
by. The spacecraftleaves Earth and conducts a swing-by at Mars en route to Jupiter or
Saturn. A swing-by may save fuel consumption.

Instead of using actual ephemeris,the orbits of planets are assumedto be circular and
coplanarasthey arein the last chapter. Therefore the positions of the planets are expressed
asthe di erence in the true anomaly () with respect to Earth.

Swing-by trajectories with VSI type |, VSI type Il, CSI type Il, and high thrust are
consideredand their corresponding fuel consumptionsare calculated. CSl type | is omitted
for swing-by analysis.

For CSI type I, SAMURAI calculates the minimum constart thrust required to ac-
complish a mission, and the trajectory is simulated with this thrust level. For swing-by
trajectories, the thrust level required for ead phaseis normally dierent. If the thrust
level required for the 1st phaseis higher than that for the 2nd phase, redundant fuel is

used throughout the 2nd phase becausethe engine will be operated with the thrust level
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required for 1st phasefor an entire mission. Therefore using a CSI type | engine for a

swing-by missionis not suitable.

The high thrust transfer orbits are initially calculated. A grid seard is performed to
nd an appropriate con guration of planetsto reducethe fuel consumptionif the spacecraft
utilizes a swing-by maneuwer. The spacecraftis assumedto leave the Earth's position at
(1.0, 0.0) with a velocity at (0.0, 1.0). between Earth and these two planets is set to
180, hencethe spacecraftarrives at Jupiter whose position is (-5.0, 0.0) and velocity is
(0.0, -0.4472),0r at Saturn whoseposition is (-10.0, 0.0) and the velocity is (0.0, -0.3162).
A time of ight of 6to 16 TU is consideredfor Jupiter, and 10to 20 TU of time of ight is
consideredfor Saturn. The optimal Mars position and time of igh t from Earth is searhed
in order to minimize the fuel consumption in ead case.
Table 11 and 12 show the V requiremerts for high thrust with and without Mars
swing-by for an Earth to Jupiter mission and an Earth to Saturn mission, respectively. It

is shavn that a maximum savings of 20 % can be achieved using a swing-by maneuver.

Table 11: Comparison of High Thrust V for Earth { Jupiter: With and Without Mars
Swing-by

Total TOF (TU _Sun) 6 8 10 12 14 16
Without Swing-by | 45.511| 30.344 | 21.914| 17.243| 14.985| 14.296
With Swing-by | 43.768| 25.402| 18.120| 14.717| 13.695| 13.789
Savings (%) | 3.984| 19.46| 20.94| 17.16 9.42 3.68

(V in km/s)

Table 12: Comparison of High Thrust V for Earth { Saturn: With and Without Mars
Swing-by

Total TOF (TU _Sun) 10 12 14 16 18 20
Without Swing-by | 57.905| 46.420| 38.624| 32.908| 28.611| 25.322
With Swing-by | 53.862| 40.026 | 31.590| 26.147 | 22.247| 19.778
Savings (%) | 6.982| 13.77| 18.21| 20.55| 22.24| 21.89

(V in km/s)

Figs. 104 and 105show the transfer trajectories from Earth to Saturn with and without
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Figure 104: Transfer Trajectory for High Figure 105: Transfer Trajectory for High
Thrust: Earth to Saturn without Swing- Thrust: Earth to Saturn with Mars

by. Swing-hy.

swing-by at Mars. The total time of ight for thesetrajectoriesis 18 TU for both cases.
For a swing-by case,the minimum fuel trajectory is obtained when the time of ight from
Earth to Mars is 1.6 TU and the between Earth and Mars is 85 . Impact parameter
at Mars is 1.31515Martian DU ( 4423km), and Turn angleis 29.24 . The Heliocertric

velocity (AU/TU) changesas:

Before Swing-by (u; v; w) ( 0:7928Q 0:5249% 0:00000) V = 0:950822

After Swing-by (u; v; w)

( 1:04188 0:50742 0:00000) V = 1:158874

This energyincreasemakesthe spacecraftwith swing-by maneuwer possibleto reach Saturn

with lesspropellant than the spacecraftwithout a swing-by maneuver.

Next, a grid seard for VSI type is performed. Table 13 and 14 show the fuel consump-
tion with or without swing-by. As shown in thesetables, a swing-by maneuwer can save fuel
for VSI enginesby seweral percen. Figs. 106through 109 are the transfer tra jectories with

and without swing-by to Jupiter and Saturn.

The samegrid seard is performed for VSI type Il and CSI type Il. Table 15 through
18 show the fuel consumption with and without swing-by. Figs. 110 through 117 are the

transfer trajectories with and without swing-by for Jupiter and Saturn.

131



Figure 107: Transfer Trajectory for VSI
Figure 106: Transfer Trajectory for VSI typel: Earth to Jupiter with Mars Swing-
typel: Earth to Jupiter without Swing-by. by.

Figure 109: Transfer Trajectory for VSI
Figure 108: Transfer Trajectory for VSI typeI: Earth to Saturn with Mars Swing-
typel: Earth to Saturn without Swing-by. by.
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Table 13: Comparison of Fuel Consumption for VSI type I: from Earth to Jupiter With
and Without Mars Swing-hby

Total TOF (TU _Sun) 6 8 10 12 14 16

Without Swing-by | 44764.1| 20268.7| 10675.1| 7920.0| 7466.6 | 7680.3
With Swing-by | 45010.9| 19625.1| 10167.9| 7874.3| 7497.7| 7731.9
Savings (%) | -0.548| 3.279| 4.988| 0.580| -0.415| -0.667

(Fuel consumption in kg)

Table 14: Comparison of Fuel Consumption for VSI type I. from Earth to Saturn With
and Without Mars Swing-hy

Total TOF (TU _Sun) 10 12 14 16 18 20

Without Swing-by | 42157.6| 27934.4| 19061.1| 13872.9| 10867.5| 9090.1
With Swing-by | 40983.4| 26735.4| 17734.3| 13365.3| 10498.9| 8977.8
Savings (%) 2.865 4.485 7.482 3.798 3.511| 1.251

(Fuel consumption in kg)

As shown in Tables 15 through 18, fuel can be saved with swing-by for any type of
engines. Howevwer, fuel savings for CSl type |l are higher than VSI typel and Il in general.

Figs. 118and 119shaow the history of speci ¢ energyof a spacecraftgoing from Earth to

Figure 110: Transfer Trajectory for VSI

Figure 111:. Transfer Trajectory for VSI
type II: Earth to Jupiter without Swing- typell: Earth to Jupiter with Mars Swing-
by. by.
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Figure 112: Transfer Trajectory for VSI
type Il. Earth to Saturn without Swing-

by.

Figure 114: Transfer Trajectory for CSI
type Il Earth to Jupiter without Swing-

by.

Figure 116: Transfer Trajectory for CSI
type II: Earth to Saturn without Swing-

by.
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Figure 113: Transfer Trajectory for VSI
typell: Earth to Saturn with Mars Swing-

by.

Figure 115: Transfer Trajectory for CSI
typell: Earth to Jupiter with Mars Swing-

by.

Figure 117:. Transfer Trajectory for CSI
typell: Earth to Saturn with Mars Swing-

by.



Table 15: Comparison of Fuel Consumption for VSI type II: from Earth to Jupiter With
and Without Mars Swing-by

Total TOF (TU _Sun)

6

8

10

12

14

16

Without Swing-by

44985.3

21230.1

13524.2

16787.5

19318.7

19572.0

With Swing-by

45086.6

20943.7

13426.2

15525.7

17776.9

20077.1

Savings (%)

-0.225

1.367

0.730

8.127

8.673

-2.516

(Fuel consumption in kg)

Table 16: Comparison of Fuel Consumption for VSI type II: from Earth to Saturn With
and Without Mars Swing-hby

Total TOF (TU _Sun)
Without Swing-hy
With Swing-by
Savings (%)

10
42785.2
41661.8

2.696

12
29767.3
29411.7

1.209

14
22030.1
20728.6

6.279

16
19808.9

18
20962.1
19600.0| 22265.7| 24730.9

1.066| -5.855| -6.126
(Fuel consumption in kg)

20
23215.9

Jupiter and Saturn. Before and after swing-hy, there is a jump on the speci c energyfor all
enginetypes. Throughout the mission, high thrust and CSl type Il are operated with the
minimum speci ¢ energyrequired to reach the target. However, both VSI enginesincrease
their speci c energy even after swing-by, and it seemsthat they waste fuel. VSI type Il
has a constraint on Isp and cannot lower the thrust level below its constrainedthrust level,
soit may be inevitable that a VSI type Il enginewastesfuel. But it is interesting that a
VSI type | engine,that doesnot have a constraint on |s,, also unnecessarilyincreasesits
speci ¢ energy and wastesfuel. That is the reasonthat the e ect of swing-by maneuwers
on VSI enginesis smaller comparedto high thrust or CSI type Il engines. The reasonof

the increaseof the speci ¢ energyfor VSI enginesshould be further investigated.
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Table 17: Comparison of Fuel Consumption for CSI type II: from Earth to Jupiter With
and Without Mars Swing-hby

Total TOF (TU _Sun) 6 8 10 12 14 16
Without Swing-by | 67193.5| 46132.9| 36772.6| 32092.4| 35101.1| 36104.0
With Swing-by | 60913.2| 37989.9| 31443.7| 24703.4| 21846.0| 24108.8
Savings (%) 10.31 21.43 16.95 29.91 60.68 49.75

(Fuel consumption in kg)

Table 18: Comparison of Fuel Consumption for CSI type Il: from Earth to Saturn With
and Without Mars Swing-hby

Total TOF (TU _Sun) 10 12 14 16 18 20
Without Swing-by | 68530.7| 60173.3| 52651.6| 48138.6| 43625.6| 40115.5
With Swing-by | 43271.1| 44381.0| 45490.9| 38780.5| 37014.2| 36762.8
Savings (%) 58.38| 35.58 15.74| 24.13 17.86 9.12

(Fuel consumption in kg)
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Figure 118: Specic Energy for Swing-by Trajectory: Earth { Mars { Jupiter.
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CHAPTER IX

CONCLUSIONS AND RECOMMENDED  FUTURE
W ORK

This paper haspreseried the methods and results for the comparisonof sewveral enginetypes
usedfor solar system exploration.

Five di erent enginetypeshave beeninvestigatedin this researti. They are

1. VSI type | (variable thrust, variable Is, with no constraint on I sp).

N

. VSI type Il (variable thrust, variable Is, with upper limit on Igp).
3. CSltypel (constart thrust, constart |s, with corntinuous thrust).

4. CSltype ll (constant thrust, constart |sp with the capability of switching on/o the

engine).

ol

. High thrust (in nitesimal burn).

At rst, a preliminary study was conducted with simple spiral trajectories, and fuel
consumption was calculated for VSI, CSI, and high thrust engines.

An interplanetary trajectory calculation software application SAMURAI was developed
to analyzethe characteristics of tra jectories for these v e engines.

Using SAMURAI, many Earth-originating trajectories have been calculated and some
relationships among fuel consumption, jet power, and travel distance were established.

Finally, using actual ephemerisof planets, three-dimensionaltra jectories were calculated
to various destination planetsto verify the relationships establishedin the preliminary study.

In this chapter, summary of the results, researdr accomplishmers, and recommended

future work are presened.
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9.1 Conclusions and Observations

In the numerical calculations that have beenperformedup to the last chapter, the following

statemerts were obtained.

For almost all casesconsideredin this researt (any target condition, jet power, and
time of ight), VSI type | is the most e cient. Specically, a VSI type | engine

requiresthe least amount of fuel amongthe v e engineclasses.

If the transfer time is very long, it sometimeshappensthat VSI type | needsmore
fuel than CSI typel. A spacecraftwith a CSl type | enginesometimestravels around
the Sun for more than onerevolution when the time of igh t is longer than normally
required. This helpsto lower the required thrust level drastically, resulting in a lower
fuel consumptionthan VSI typel. Howewer, if a good initial guessof control variables
for a VSI type | engineis made, and if a trajectory of a spacecraftwith a VSI type |
enginethat orbits around the Sun for more than one revolution is obtained, the fuel
consumption of a VSI type | engineis lower than than that of a CSl type | engine.
This is con rmed by manually selectingthe initial guessof the control variablesfor a
VSI type | trajectory and make the trajectory travel around the Sun for more than
onerevolution. A VSI typel trajectory requireslessfuel than a CSl type | trajectory

if both trajectories travel around the Sun for more than one revolution.

When the target planet is closeto the Sun, the time of ight that minimizes fuel
consumption is almost equal for all engine types. This is becausethe spacecraft's
trajectory is more a ected by the gravitational force from the Sun than by the accel-
eration from the engine. The trajectory for di erent typesof engineslook similar for
ead enginetype and therefore the time of ight also becomesalmost equal for eat

enginetype.

If the target is far from the Sun, the above statemert doesnot hold. This is becausehe
gravitational forcefrom the Sunbecomessmaller asthe spacecrafttravelsfarther from

the Sun, and therefore the spacecraft'strajectory is dominated by the force exerted
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Figure 120: Example of Fuel vs. Time of Flight for VSI type .

by the engine rather than the gravitational force from the Sun. The spacecraftis
allowed more freedomin its movemern, and the spacecraftchoosesthe time of ight

that is best for its enginetype.

When the target planet is far from the Sun, the fuel consumption for VSI type |
becomessmaller asthe time of igh t becomedonger. But for a target planet closeto
the Sun, there is a time of ight that minimizes the fuel consumption, and extending
the time of ight does not necessarilydecreaseshe fuel consumption as shawvn in
Fig. 120. This can be explained similarly to the previous statemen: For a trajectory
to a planet far from the Sun, a spacecraftcan choosethe besttime of ight. This is
not the casefor VSI typell or CSl type | whosel sp hasan upper bound and therefore

fuel consumption increasesastime of ight increases.

For VSI type Il whoselgp limit is x sec,the fuel consumption is always betweenthat
of VSI type | and that of CSltype | whosel s, limit is x sec. As the time of igh t gets
shorter, thrust history for VSI type | and type Il becomesmore and more similar,
and at a certain time of ight, they becomeidentical (constrained arc disappears for
VSI type Il). On the other hand, asthe time of ight getslonger, the thrust history
for VSI type Il and CSI type | becomesmore and more similar, and at a certain time

of ight, they becomeidentical: constart thrust and constart I, at x sec.

For the sameinitial mass,the spacecraftwith higher jet power is more advantageous
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9.2

than lower jet power. That meansthe merit of using a VSI engineincreasesasthe jet
power increasedor a certain massof spacecraft. This statemert canbe alsorephrased
asthe following way: for the samejet power, a lighter spacecraftis more advantageous
than heavier one. Therefore the merit of using a VSI engineincreasesas the massof

spacecraftdecreasedor a certain jet power.

The merit of using a VSI engineagainst using a CSl enginemay increaseor decrease

asthe travel distance increases.It dependson how the problem is set:

{ If the Is, of the CSI engineis xed for any mission prole (time of ight and
target conditions), the merit of usinga VSI engineincreasesasthe travel distance
increases. Therefore, using a VSI engine for a transfer to Pluto is the most

e ectiv e.

{ If the best I, level for the CSI engineis chosen for ead mission depending
on the mission pro le, the merit of using a VSI engine decreasesas the travel
distance increases. Hence, using a VSI enginefor a transfer to Mercury is the

most e ectiv e.

Fuel can be saved by applying swing-by maneuwers for VSI engines,CSlI type |1, and
high thrust. Howewer, e ects of swing-by on VSI enginesare smaller than that of high
thrust or CSI engines. This is becausefor VSI enginesunnecessaryincreaseof the
speci ¢ energy is obsened after swing-by maneuwers, and therefore more fuel than
required is consumed. This is an unnecessaryincreaseof the speci c energy that is

not obsened for high thrust and CSI type |l engines.

Research Accomplishments

In this section, researt goalsand objectives preseried in Chap. 1 are preseried.

The primary goal of this researd is to showv the advantagesand disadvantagesof VSI
enginesover conventional enginessudc as CSI enginesand high thrust enginesthat
are currently usedfor interplanetary missions. As stated in the previous section, it is

concludedthat VSI enginesare better than CSI enginesand high thrust engines.
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The objective that supports the primary goal is to establish a generalizedrule that

1. qualitativ ely states the advantagesand disadvantagesof VSI engines

2. quantitativ ely determinesthe fuel savings by using VSI enginesover CSI or high

thrust engines.

As stated in the last section, the 1st rule was establishedas the relationship between
the fuel savings and the jet power, or the relationship betweenthe fuel savings and
the travel distance. Establishing the 2nd rule was di cult. The fuel consumption is
a function of many parameterssud asjet power, time of ight, |5, constraints, and
the con guration of the two planets. Numerically, it is even a ected by the number of
time stepsor the tolerance for the convergencecriteria. However, estimating the fuel
savings is not impossible. From the parameters suc as jet power and con guration

of the planets, Tables5to 6 will help roughly estimate the fuel savings.

To support the above goals, it was also a goal to create an interplanetary trajectory
optimization program that can calculate the trajectoriesfor VSI, CSl, and high thrust
engines. The software application SAMURAI { Simulation and Animation Model
Usedfor Rockets with Adjustable Isp { wascreated. This application can calculate the
trajectory for eat of the v e propulsion systems. SAMURAI also conducts planetary
swing-bys if desired,and SAMURAI has a capability of drawing an animation of the
resulted trajectory on a web browser using VRML. Although this application was
developed for the purpose of study of this resear®, it has a potential to be widely

usedfor any interplanetary mission analyses,and that is the hope of the author.

9.3 Recommende d Futur e Work

Multiple Swing-b ys Current SAMURAI has a capability of calculating a swing-by tra-
jectory with only oneplanet, but not more than one. This limitation might not be desirable
if Mars missionsare to be analyzed becauseprevious studies shav that some missionsto

Mars do multiple swing-bys with Venus and Earth beforearriving at Mars.
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Using SAMURAI and an existing interplanetary calculation application IPREP (Inter-
planetary PREProcessor),seeral calculations have beenperformedfor high thrust trajecto-
rieswith and without swing-bys. This is to investigateif more V isrequired for a swing-by
trajectory with only one planet than for a trajectory without swing-by. The results shoved
that the V for a trajectory with a single swing-by with Verus is worth than the V for
a trajectory without swing-hy.

Therefore, adding a feature of multiple swing-by may improve the mission analysis and

give broader knowledge about VSI engines.

Mission to the Mo on In this researt only trajectories from Earth to other planets
wereinvestigated. Although VSI enginesmay be the best for the fast transfers betweentwo
planets, studying about the missionto the Moon with VSI enginesmay give us interesting
results. Someminor modi cations of SAMURAI should make SAMURAI suitable for an-
alyzing the Moon missionsbecausethe equations of motion are the samefor a trajectory

around the Sun and a trajectory around the Earth.

Optimization Metho ds for Swing-b y, Lagrange Multipliers Currently SAMURAI
employs Powell's method to nd the optimal valuesfor parameters such as conditions at
the entry point of the sphereof in uence or the Lagrange multipliers for VSI type Il and
CSl type Il. Powell's method works well for most of these problems becausein many of
the casesthe response surface for these parameters should be near-quadratic. However,
some problems require long computational time or they do not corverge. Exploring other
methods sudh as sequetial quadratic programming and applying it to SAMURAI may

improve the robustnessand computation time.
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APPENDIX A

ADDITIONAL RESUL TS FROM PRELIMINAR Y STUD Y

Table 19: Transfer Orbit to Venus with 20MW Jet Power.

Venus Fuel Consumed(kg)

Pj 20.000 (MW) nju 60.000 (deg) r 0.3750 0.6495 VvV  -1.0000 0.5774
TOF(TU_Sun) 0.600 0.700 0.800 0.900 1.000 1.100 1.200 1.300 1.400 1.500 1.600
VSI type | 75460.6 55333.1 37883.9 31468.9 33372.4 38092.8 42879.0 46934.2 50183.6 52746.8 54765.5
VSI typell 75472.9 55374.2 37907.7 31497.4 33441.1 38137.8 42896.0 46939.7 50185.4 52747.3 54765.5
CSl type | 91998.7 70503.4 47570.1 37915.3 39492.3 44013.7 48504.1 52327.1 55439.9 57940.4 59943.2
CSI typell 100000.0 100000.0 42789.9 36856.1 38444.1 44127.1 48138.6 52150.2 56161.7 58919.7 65522.0
highThrust 99962.2 99517.3 98209.7 97435.0 98007.0 98951.2 99520.5 99780.0 99893.8 99945.5 99970.3

Pj 20.000 (MW) nju 90.000 (deg) r -0.0000 0.7500 V. -1.1547 -0.0000
TOF(TU_Sun) 1.000 1.100 1.200 1.300 1.400 1.500 1.600 1.700 1.800 1.900 2.000
VSI type | 41684.2 249443 14710.8 11680.0 13491.7 17538.3 22175.9 26622.2 30587.2 34009.2 36921.2
VSI typell 41741.4 25096.1 14888.4 11872.7 13746.5 17768.4 22332.1 26728.1 30663.5 34068.8 36971.2
CSl type | 55130.8 34204.4 19806.3 15209.7 17879.9 22580.4 27468.1 31995.3 35991.9 39441.8 42392.2
CSil typell 50144.4 33095.3 24069.3 23902.2 32761.0 28833.0 33429.6 38360.5 43625.6 47637.2 48472.9
highThrust 99199.9 96601.8 92196.7 90080.6 91669.9 94920.9 97316.9 98602.2 99248.9 99578.9 99753.5

Pj 20.000 (MW) nju 120.000 (deg) r -0.3750 0.6495 VvV  -1.0000 -0.5774
TOF(TU_Sun) 1.000 1.200 1.400 1.600 1.800 2.000 2.200 2.400 2.600 2.800 3.000
VSI type | 74914.2 49139.3 21413.7 6560.0 5604.9 10843.1 17186.2 22845.2 27463.5 31126.4 34009.9
VSI typell 74929.3 49187.9 21618.1 7137.3 6362.2 11376.8 17558.6 23143.6 27728.2 31376.8 34256.9
CSl type | 89850.6 62939.8 29707.6 9353.5 8174.9 14876.2 22025.9 28210.4 33208.6 37160.9 40269.3
CSl typell 100000.0 57164.6 38611.2 17383.4 18052.0 30086.7 33095.3 38109.8 43458.5 49141.5 52651.6
highThrust 99995.2 99784.6 96844.2 83979.1 81463.7 91996.8 97086.1 98835.5 99480.0 99743.9 99863.0

Pj 20.000 (MW) nju 150.000 (deg) r -0.6495 0.3750 VvV -0.5773 -1.0000
TOF(TU_Sun) 1.400 1.600 1.800 2.000 2.200 2.400 2.600 2.800 3.000 3.200 3.400
VSI type | 51039.2 28338.6 11307.8 3388.9 2504.3 5208.1 9157.3 13203.8 16893.4 20096.8 22817.9
VS| typell 51139.3 28554.0 11813.1 4814.9 5107.3 6593.9 10100.9 13989.7 17604.6 20771.4 23476.3
CSl type | 64679.2 38200.1 16350.2 5082.5 3909.4 7884.5 12857.8 17738.0 22090.5 25814.7 28944.2
CSil typell 60841.9 40115.5 27078.0 18386.3 12870.4 18052.0 28248.0 30420.9 37608.3 42789.9 42622.8
highThrust 99879.8 98789.1 92977.7 76848.6 70563.1 83707.4 92446.6 96349.1 98107.2 98950.3 99382.1

Pj 20.000 (MW) nju 180.000 (deg) r -0.7500 -0.0000 \% 0.0000 -1.1547
TOF(TU_Sun) 2.000 2.200 2.400 2.600 2.800 3.000 3.200 3.400 3.600 3.800 4.000
VSI type | 15564.6 6200.8 1951.1 1240.3 2531.4 4761.0 7308.9 9849.4 12229.4 14388.2 16311.5
VSI typell 16044.3 7236.2 5571.6 6035.9 6500.2 7074.6 8995.4 11302.9 13569.5 15670.7 17568.1
CSl type | 22038.8 9288.4 3034.1 1995.6 4191.4 7303.0 10692.1 13986.5 17016.5 19723.7 22107.0
CSI typell 31758.1 45965.7 14040.4 10864.6 16380.5 17550.5 24069.3 28415.2 33095.3 34933.9 40115.5

highThrust 96465.2 88436.0 73129.6 64867.6 75219.4 85622.9 91707.3 95046.0 96914.4 97999.5 98654.8

144



Venus
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Fuel
30.000

0.600
67214.1
67246.0
83392.5

100000.0
99962.2

30.000

1.000
32273.9
32425.2
43010.5
43876.4
99199.9

30.000

1.000
66566.4
66609.7
81045.0
75216.6
99995.2

30.000

1.400
41001.9
41233.9
52700.8
56161.7
99879.8

30.000

2.000
10944.2
12085.0
15610.6
30086.7
96465.2

Table 20: Transfer Orbit to Venus with 30MW Jet Power.

Consumed(kg)
(MW) nju 60.000
0.700 0.800
45231.5 28906.2
45318.8 28989.0
58208.3 36712.9
53529.2 37106.9
99517.3 98209.7
(MW) nju 90.000
1.100 1.200
18137.6 10312.9
18474.5 10785.9
24998.0 13960.5
31716.3 22565.0
96601.8 92196.7
(MW) nju 120.000
1.200 1.400
39176.8 15373.1
39316.7 15867.5
50691.8 21424.4
51147.3 31591.0
99784.6 96844.2
(MW) nju 150.000
1.600 1.800
20863.2 7833.8
21365.3 9037.3
28396.9 11360.7
38109.8 24821.5
98789.1 92977.7
(MW) nju 180.000
2.200 2.400
4221.1 1309.2
7661.0 8357.4
6335.4 2036.2
22063.5 15043.3
88436.0 73129.6

(deg) r

0.900
23437.7
23545.8
28924.4
36104.0
97435.0

(deg) r

1.300
8102.1
8677.7

10723.6
21186.0
90080.6

(deg) r

1.600
4471.1
5941.2
6384.8

18052.0
83979.1

(deg) r

2.000
2285.1
6964.5
3428.3

15043.3
76848.6

(deg) r

2.600
830.3
9053.9
1342.6
16296.9
64867.6

0.3750

1.000
25032.9
25205.9
30603.1
42622.8
98007.0

-0.0000

1.400
9418.0
10062.5
12824.1
24570.8
91669.9

-0.3750

1.800
3807.8
6268.1
5645.2

20308.5
81463.7

-0.6495

2.200
1683.6
7661.0
2652.0

13789.7
70563.1

-0.7500

2.800
1701.9
9750.3
2847.0

17550.5
75219.4

145

0.6495

1.100
29088.7
29226.5
34734.7
45506.1
98951.2

0.7500

1.500
12418.2
12994.1
16505.7
28206.2
94920.9

0.6495

2.000
7499.8
8872.0

10551.8
22565.0
91996.8

0.3750

2.400
3533.4
8357.4
5438.6

18052.0
83707.4

-0.0000

3.000
3225.1
10446.8
5020.2
45130.0
85622.9

\%

1.200
33353.1
33435.9
38880.4
45130.0
99520.5

\

1.600
15963.9
16417.3
20438.1
32092.4
97316.9

\Y

2.200
12153.7
13150.8
16021.6
33095.3
97086.1

\

2.600
6297.0
9053.9
9032.2

26075.1
92446.6

\%

3.200
4994.3
11143.2
7439.8
24069.3
91707.3

-1.0000

1.300
37092.5
37142.6
42468.5
66817.4
99780.0

-1.1547

1.700
19476.5
19835.7
241775
42622.8
98602.2

-1.0000

2.400
16485.5
17328.0
20946.8
36104.0
98835.5

-0.5773

2.800
9207.8
11255.3
12673.6
31591.0
96349.1

0.0000

3.400
6789.2
11839.7
9844.7
100000.0
95046.0

0.5774

1.400
40176.4
40209.8
45432.6
56161.7
99893.8

-0.0000

1.800
22706.6
23003.9
27555.5
40617.0
99248.9

-0.5774

2.600
20154.0
20928.4
25058.7
45631.4
99480.0

-1.0000

3.000
11934.3
13752.9
16015.2
33847.5
98107.2

-1.1547

3.600
8499.4
12536.1
12101.6
100000.0
96914.4

1.500
42666.2
42690.8
47840.3
67695.0
99945.5

1.900
25571.7
25830.4
30532.4
45255.3
99578.9

2.800
23153.2
23902.2
28393.7
52651.6
99743.9

3.200
14359.8
16080.0
18945.8
40115.5
98950.3

3.800
10075.3
13606.3
14154.7

100000.0
97999.5

1.600
44663.8
44683.8
49788.6
58167.5
99970.3

2.000
28068.5
28303.3
33121.5
47637.2
99753.5

3.000
25572.3
26320.2
31069.1
75216.6
99863.0

3.400
16464.2
18146.1
21459.1

100000.0
99382.1

4.000
11499.6
14895.9
15990.0

100000.0
98654.8



Mars
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Fuel
10.000

1.000
79408.5
79414.2
87181.9

100000.0
99967.2

10.000

1.600
52612.7
52627.3
58608.9
56161.7
99544.1

10.000

2.000
49261.4
49278.2
55204.5
53487.4
99644.3

10.000

3.000
12905.5
13203.7
17181.4
26325.8
93009.0

10.000

3.000
29615.1
29768.1
36181.1
38861.9
98824.9

Table 21: Transfer Orbit to Mars with 10MW Jet Power.

Consumed(kg)
(MW)  nju 60.000
1.200 1.400
61606.1 47004.4
61614.3 47009.5
69845.2 57111.4
100000.0 100000.0
99643.5 98934.1
(MW) nju 90.000
1.800 2.000
34420.2 22335.6
344775 22396.5
40521.7 27802.8
39112.6 29250.9
97903.7 95112.7
(MW)  nju 120.000
2.200 2.400
33360.6 20285.3
33415.1 20430.7
39177.4 25461.6
38611.2 29083.8
98507.0 95434.2
(MW) nju 150.000
3.200 3.400
7430.8 4572.3
7934.8 5356.1
10394.2 6346.7
20057.8 14207.6
86705.5 79495.9
(MW)  nju 180.000
3.200 3.400
20793.0 13728.2
21023.1 14075.4
26430.4 18252.6
36104.0 29835.9
97418.4 94892.9

(deg) r

1.600
41423.9
41449.5
54419.3
48807.2
98558.6

(deg) r

2.200
17921.9
18006.8
24128.0
26660.1
93454.1

(deg) r

2.600
11933.7
12185.9
15715.4
26075.1
90129.7

(deg) r

3.600
3700.7
4753.6
5428.2

15043.3
75314.1

(deg) r

3.600
8527.5
9059.4

11895.2
24069.3
90837.7

0.7500

1.800
41965.7
42047.2
57128.6
50395.1
98794.2

-0.0000

2.400
18736.4
18911.1
27162.8
28080.9
93878.0

-0.7500

2.800
8234.4
8578.9

11051.3
18720.6
85574.1

-1.2990

3.800
4175.4
5397.9
6904.0

14291.2
76448.8

-1.5000

3.800
5049.8
5913.8
7352.7

17467.0
85117.1

146

1.2990

2.000
44635.0
447121
60687.3
53487.4
99254.3

1.5000

2.600
21928.2
22160.7
32041.5
31507.4
95641.3

1.2990

3.000
7930.3
8375.6

11872.3
18804.2
84744.6

0.7500

4.000
5473.8
6588.9
9151.1

16714.8
81046.5

-0.0000

4.000
3014.4
4643.0
4422.1

15043.3
78401.6

\

2.200
47528.4
47576.1
63716.2
56997.5
99593.6

\Y

2.800
25761.6
25959.4
36853.9
36271.1
97361.7

\

3.200
9621.9
10127.5
15087.1
20057.8
87331.3

\%

4.200
7219.5
8188.1

11765.3
21060.7
86048.4

\

4.200
2100.0
4875.2
2962.3

12285.4
72711.3

-0.7071

2.400
50048.1
50077.0
66008.5
59170.4
99781.4

-0.8165

3.000
29449.8
29604.2
41065.3
41369.1
98473.3

-0.7071

3.400
12265.4
12759.9
18902.7
26994.4
91130.8

-0.4082

4.400
9162.5
10019.7
14462.9
22063.5
90035.3

0.0000

4.400
2005.5
5107.3
3385.1

12870.4
70651.6

0.4082

2.600
52091.7
52110.4
67660.3
67360.7
99878.4

-0.0000

3.200
327145
32838.6
44567.3
44127.1
99104.8

-0.4082

3.600
15221.2
15662.1
22736.7
27078.0
94232.7

-0.7071

4.600
111475
11933.4
16993.3
26910.8
92892.5

-0.8165

4.600
2480.1
5339.5
6057.8

13455.4
72753.6

2.800
53705.2
53718.3
68807.4
65522.0
99929.2

3.400
35503.2
35607.1
47414.9
48305.8
99457.6

3.800
18145.8
18538.1
26321.4
31758.1
96288.8

4.800
13081.4
13818.8
19474.7
30086.7
94876.2

4.800
3328.2
5659.8
9658.5

22063.5
77052.0

3.000
54964.0
54974.0
69570.4
66441.4
99956.7

3.600
37846.4
37938.0
49702.4
51147.3
99658.9

4.000
20874.8
21230.8
29540.5
35101.1
97575.1

5.000
14914.5
15617.8
21775.7
33429.6
96249.8

5.000
4405.8
7784.6
9158.2

16714.8
81602.4



Mars
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Fuel
20.000

1.000
65849.9
65876.5
73308.0
71037.9
99967.2

20.000

1.600
35696.9
35801.6
41605.8
45464.3
99544.1

20.000

2.000
32679.9
32826.0
38420.8
45130.0
99644.3

20.000

3.000
6897.9
8341.4
9585.5

23400.7
93009.0

20.000

3.000
17381.3
18085.3
22434.7
35936.8
98824.9

Table 22: Transfer Orbit to Mars with 20MW Jet Power.

Consumed(kg)
(MW)  nju 60.000
1.200 1.400
44515.0 30722.7
44570.0 30803.1
51853.8 38181.0
52150.2 40951.3
99643.5 98934.1
(MW) nju 90.000
1.800 2.000
20787.7 12571.8
21060.4 13005.6
25802.7 16198.6
34599.6 26743.7
97903.7 95112.7
(MW)  nju 120.000
2.200 2.400
20019.6 11287.5
20353.8 11965.7
24897.0 14927.2
34933.9 26075.1
98507.0 95434.2
(MW) nju 150.000
3.200 3.400
3858.8 2339.6
7428.8 7893.1
5559.6 3297.9
17829.1 15154.8
86705.5 79495.9
(MW)  nju 180.000
3.200 3.400
11603.0 7370.0
12667.3 9093.3
15514.7 10225.1
30309.5 24626.5
97418.4 94892.9

(deg) r

1.600
26122.7
26302.2
34785.1
37441.2
98558.6

(deg) r

2.200
9842.9
10476.9
13393.0
25740.8
93454.1

(deg) r

2.600
6345.5
7541.6
8656.4

20280.6
90129.7

(deg) r

3.600
1885.3
8357.4
2771.4

13037.5
75314.1

(deg) r

3.600
4453.6
8357.4
6419.0

21060.7
90837.7

0.7500

1.800
26555.2
26864.3
36617.2
39112.6
98794.2

-0.0000

2.400
10336.5
11177.9
15069.8
26075.1
93878.0

-0.7500

2.800
4294.0
6500.2
5835.9

17160.5
85574.1

-1.2990

3.800
2132.2
8821.7
3529.0

13761.9
76448.8

-1.5000

3.800
2590.3
8821.7
3858.6

16937.7
85117.1

147

1.2990

2.000
28729.5
29053.7
39583.9
43458.5
99254.3

1.5000

2.600
12314.2
13230.7
18116.1
28248.0
95641.3

1.2990

3.000
4128.9
6964.5
6195.6

17550.5
84744.6

0.7500

4.000
2813.9
9286.0
4714.7

15600.5
81046.5

-0.0000

4.000
1530.3
9286.0
2276.3

14486.2
78401.6

\

2.200
31172.0
31453.6
42341.3
49643.0
99593.6

\Y

2.800
14785.2
15645.1
21323.7
35101.1
97361.7

\

3.200
5054.1
7609.8
7947.9

18720.6
87331.3

\%

4.200
3744.9
9750.3
6158.8

17550.5
86048.4

\

4.200
1061.1
9750.3
1504.0

11700.4
72711.3

-0.7071

2.400
33376.3
33617.8
44580.5
50144.4
99781.4

-0.8165

3.000
17267.5
18052.8
24302.1
37608.3
98473.3

-0.7071

3.400
6533.3
8809.3

10115.5
24626.5
91130.8

-0.4082

4.400
4801.4
10214.6
7575.7
20837.8
90035.3

0.0000

4.400
1012.9
10214.6
1712.3
12257.5
70651.6

0.4082

2.600
35219.5
35433.3
46299.1
52150.2
99878.4

-0.0000

3.200
19556.5
20281.2
26918.2
40115.5
99104.8

-0.4082

3.600
8237.5
10228.2
12384.6
25072.2
94232.7

-0.7071

4.600
5902.9
10678.9
9084.9
23066.4
92892.5

-0.8165

4.600
1255.6
10678.9
3616.8
12814.7
72753.6

2.800
36710.9
36908.0
47573.3
60841.9
99929.2

3.400
21583.1
22266.4
29148.7
45464.3
99457.6

3.800
9978.3
11769.6
14595.5
28582.3
96288.8

4.800
6998.4
11143.2
10518.6
26743.7
94876.2

4.800
1692.3
11143.2
4837.7
13371.8
77052.0

3.000
37897.2
38085.8
48487.3
57666.1
99956.7

3.600
23339.7
23998.0
31020.4
45130.0
99658.9

4.000
11654.1
13325.0
16662.2
32315.3
97575.1

5.000
8057.9
11704.0
11901.8
27858.0
96249.8

5.000
2252.5
11607.5
5282.8
16714.8
81602.4



Mars
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSiI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSiI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Fuel
30.000

1.000
56245.6
56312.3
63479.1
61426.9
99967.2

30.000

1.600
27012.1
27303.7
32452.6
42121.3
99544.1

30.000

2.000
24450.0
24877.1
29628.8
43458.5
99644.3

30.000

3.000
4706.8
10446.8
6653.0
23818.6
93009.0

30.000

3.000
12300.2
14082.7
16302.1
35101.1
98824.9

Table 23: Transfer Orbit to Mars with 30MW Jet Power.

Consumed(kg)
(MW) nju 60.000
1.200 1.400
34847.5 22818.6
34999.4 23081.5
41490.0 28785.3
45631.4 37441.2
99643.5 98934.1
(MW) nju 90.000
1.800 2.000
14890.2 8747.8
15555.1 9890.1
19001.4 11450.4
32343.1 25907.9
97903.7 95112.7
(MW)  nju 120.000
2.200 2.400
14300.7 7819.2
15174.1 9561.4
18313.6 10578.6
34014.6 26075.1
98507.0 95434.2
(MW) nju 150.000
3.200 3.400
2606.0 1572.0
11143.2 11839.7
3796.1 2228.1
18720.6 14207.6
86705.5 79495.9
(MW)  nju 180.000
3.200 3.400
8046.5 5037.1
11143.2 11839.7
10998.6 7108.1
30755.2 25573.7
97418.4 94892.9

(deg) r

1.600
19076.2
19556.1
25591.4
35435.4
98558.6

(deg) r

2.200
6784.6
8497.3
9275.4

23902.2
93454.1

(deg) r

2.600
4321.7
9053.9
5977.9

20642.8
90129.7

(deg) r

3.600
1264.8
12536.1
1860.7
13539.0
75314.1

(deg) r

3.600
3013.8
12536.1
4397.4
21060.7
90837.7

0.7500

1.800
19422.7
20113.3
26938.8
36856.1
98794.2

-0.0000

2.400
7136.9
9301.1

10428.6
54156.0
93878.0

-0.7500

2.800
2904.2
9750.3
3965.9

17550.5
85574.1

-1.2990

3.800
1431.6
13232.6
2370.3
14291.2
76448.8

-1.5000

3.800
1741.9
13232.6
2616.1
17467.0
85117.1

148

1.2990

2.000
211815
21928.9
29346.5
40115.5
99254.3

1.5000

2.600
8560.9
10776.3
12626.6
27161.6
95641.3

1.2990

3.000
2791.0
10446.8
4191.8
17550.5
84744.6

0.7500

4.000
1893.7
13929.0
3175.3
15043.3
81046.5

-0.0000

4.000
1025.4
13929.0
1532.8
15043.3
78401.6

\%

2.200
23191.1
23913.2
31669.5
43207.8
99593.6

\%

2.800
10367.7
12464.3
14999.1
30420.9
97361.7

\

3.200
3427.1
11143.2
5394.9
18720.6
87331.3

\%

4.200
2528.2
14625.5
4447.3
17550.5
86048.4

\

4.200
709.9
14625.5
1007.9
12285.4
727113

-0.7071

2.400
25036.3
25723.7
33613.7
47135.8
99781.4

-0.8165

3.000
12214.7
14187.5
17253.7
35101.1
98473.3

-0.7071

3.400
44525
11839.7
6904.9
21311.4
91130.8

-0.4082

4.400
3253.0
15321.9
5162.0
22063.5
90035.3

0.0000

4.400
677.5
15321.9
1294.2
12870.4
70651.6

0.4082

2.600
26602.8
27266.8
35146.0
49977.3
99878.4

-0.0000

3.200
13946.9
15830.9
19277.9
38778.3
99104.8

-0.4082

3.600
5646.8
12536.1
8509.1
25573.7
94232.7

-0.7071

4.600
4014.2
16018.4
6181.7
23066.4
92892.5

-0.8165

4.600
840.6
16018.4
2279.5
13455.4
72753.6

2.800
27886.4
28541.3
36311.8
53821.7
99929.2

3.400
15504.2
17335.4
21039.8
41202.0
99457.6

3.800
6881.0
13232.6
10096.6
28582.3
96288.8

4.800
4777.2
16714.8
7204.9
28080.9
94876.2

4.800
1134.6
16714.8
2972.4
14040.4
77052.0

3.000
28918.1
29576.4
37172.4
55158.9
99956.7

3.600
16872.9
18680.9
22545.1
45130.0
99658.9

4.000
8083.4
13929.0
11603.0
31758.1
97575.1

5.000
5520.5
17411.3
8188.8
29250.9
96249.8

5.000
1513.0
17411.3
3427.4
16714.8
81602.4



Table 24: Transfer Orbit to Asteroids with 10MW Jet Power.

Asteroids Fuel  Consumed(kg)
Pj 10.000 (MW) nju 60.000 (deg) r 1.5000 2.5981 VvV -0.5000 0.2887
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSl type | 54518.7 52226.3 50615.2 49368.2 48314.9 47365.1 46470.9 45606.4 44758.8 43921.9 43092.3
VSI typell 54754.2 52565.3 51006.8 49775.2 48720.7 47762.5 46857.6 46278.5 45125.8 44280.8 43445.2
CSl type | 76035.4 73914.0 70945.9 63355.0 42451.6 36651.8 26349.2 21317.1 17312.0 14098.9 11527.3
CSI typell 67416.4 65814.5 65466.3 65884.2 66023.5 66093.1 66302.1 66859.2 66859.2 68670.0 67695.0
highThrust 99967.1 99964.3 99966.5 99971.5 99977.0 99982.0 99985.9 99989.0 99991.3 99993.0 99994.4
Pj 10.000 (MW) nju 90.000 (deg) r -0.0000 3.0000 VvV  -05774 -0.0000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 39105.7 35795.5 34350.4 33820.1 33688.6 33699.6 33731.2 33731.6 33679.6 33571.4 33409.0
VS| typell 39220.8 36035.8 34764.0 34395.4 40277.9 34434.1 34484.2 34489.5 34438.3 34330.3 34169.7
CSl type | 54883.4 53077.3 52192.0 51548.0 50910.3 44763.1 36283.3 28483.0 21993.8 16969.2 13705.8
CSil typell 51815.9 50144.4 50144.4 50562.3 50980.2 52512.3 54601.7 54323.1 55716.0 58014.3 58919.7
highThrust 99770.3 99684.1 99646.4 99657.2 99701.0 99757.3 99811.1 99855.5 99889.7 99915.3 99934.2
Pj 10.000 (MW) nju 120.000 (deg) r -1.5000 2.5981 VvV -0.5000 -0.2887
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSl type | 34246.8 26058.3 21775.9 19995.2 19588.6 19854.0 20401.3 21028.4 21635.6 22178.4 22640.2
VS| typell 34438.6 26340.3 22190.0 20605.1 20428.4 20898.6 21595.1 22778.9 22973.9 23548.2 24033.8
CSl type | 41599.0 34564.4 32124.3 31954.9 32561.5 41801.1 39133.9 36625.4 31467.4 23235.1 17779.9
CSI typell 45687.1 41369.1 42483.5 42135.2 40951.3 40742.3 40951.3 40742.3 43458.5 43806.7 45130.0
highThrust 99699.9 99248.7 98737.2 98367.9 98225.4 98293.0 98500.5 98763.9 99019.3 99235.7 99406.6
Pj 10.000 (MW) nju 150.000 (deg) r -2.5981 1.5000 VvV -0.2887 -0.5000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 42016.8 29363.1 20474.1 15067.3 122235 11029.3 10805.5 11110.7 11677.2 12349.2 13039.8
VS| typell 42139.6 29628.2 20956.5 15827.0 13315.9 12496.8 12658.0 13275.0 14032.2 20960.3 22061.4
CSl type | 47717.3 34972.2 25591.8 20142.3 18415.6 18645.2 19515.8 20531.3 21505.1 30516.8 25984.2
CSil typell 52930.2 45756.8 39001.2 34474.3 33429.6 35310.0 36076.1 42831.7 49030.1 41438.8 73963.0
highThrust 99935.6 99722.7 99178.8 98208.4 96978.2 95875.5 95233.5 95146.7 95498.8 96086.1 96730.5
Pj 10.000 (MW) nju 180.000 (deg) r -3.0000 -0.0000 \% 0.0000 -0.5774
TOF(TU_Sun) 6.000 6.500 7.000 7.500 8.000 8.500 9.000 9.500 10.000 10.500 11.000
VSl type | 12882.8 9386.3 7424.0 6488.3 6207.2 6325.3 6674.7 7147.9 7676.9 8220.0 8752.4
VSI typell 13768.9 10752.3 9424.0 9465.2 10009.2 10646.2 11305.7 15828.4 18178.6 20929.8 16629.2
CSl type | 16573.3 12515.7 11336.8 11172.2 11871.1 12755.2 17090.6 21167.9 24284.7 15357.2 12501.8
CSI typell 33429.6 31688.5 29250.9 31340.3 32315.3 28415.2 31340.3 42344.2 40394.1 38026.2 42901.3

highThrust 98779.1 97738.9 96399.6 94991.9 93826.3 93143.5 93003.4 93300.4 93862.1 94534.8 95215.6
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Table 25: Transfer Orbit to Asteroids with 20MW Jet Power.

Asteroids Fuel  Consumed(kg)
Pj 20.000 (MW) nju 60.000 (deg) r 1.5000 2.5981 VvV -0.5000 0.2887
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSl type | 37474.8 35342.1 33882.3 32774.1 31852.3 31031.7 30268.6 29539.2 28831.9 28141.0 27463.6
VS| typell 38357.0 36513.3 35279.1 34327.7 33543.6 32847.1 16250.5 17411.3 18572.0 19732.8 20893.5
CSl type | 53561.8 50857.4 48572.6 35822.5 29394.4 25010.2 19683.8 11927.9 9480.0 7590.7 6122.3
CSI typell 60173.3 58919.7 58501.8 59755.4 96945.9 61566.2 62401.9 62680.5 64630.6 63934.1 100000.0
highThrust 99967.1 99964.3 99966.5 99971.5 99977.0 99982.0 99985.9 99989.0 99991.3 99993.0 99994.4
Pj 20.000 (MW) nju 90.000 (deg) r -0.0000 3.0000 VvV  -05774 -0.0000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 24305.2 21799.1 20736.7 20351.3 20256.2 20264.2 20287.2 20287.5 20249.9 20171.7 20054.6
VSI typell 25174.0 23161.2 22608.8 22657.8 22900.8 23174.7 23428.9 23648.7 23835.4 19732.8 20893.5
CSl type | 34499.9 32746.4 31994.2 32579.7 31122.0 30678.8 27221.8 17613.4 12321.4 9382.4 7374.8
CSil typell 50144.4 52651.6 57108.9 45965.7 83574.0 47080.0 50701.6 52233.8 53487.4 54462.4 72709.4
highThrust 99770.3 99684.1 99646.4 99657.2 99701.0 99757.3 99811.1 99855.5 99889.7 99915.3 99934.2
Pj 20.000 (MW) nju 120.000 (deg) r -1.5000 2.5981 VvV -0.5000 -0.2887
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 20661.2 14980.9 12218.4 11108.2 10857.6 11021.1 11359.5 11749.5 12130.1 124723 12765.1
VSI typell 21632.0 16577.5 14665.6 14693.7 15408.9 20792.4 17147.7 22416.2 18572.0 19732.8 20893.5
CSl type | 26006.4 20212.3 18154.4 17877.9 18196.3 21482.9 21256.1 20641.9 20067.3 13979.6 10060.4
CSI typell 43458.5 38861.9 39001.2 38304.8 35101.1 38026.2 39001.2 41787.0 42344.2 44990.7 47637.2
highThrust 99699.9 99248.7 98737.2 98367.9 98225.4 98293.0 98500.5 98763.9 99019.3 99235.7 99406.6
Pj 20.000 (MW) nju 150.000 (deg) r -2.5981 1.5000 VvV -0.2887 -0.5000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 26595.7 17207.8 11404.8 8147.4 6509.6 5836.4 5711.2 5882.2 6200.6 6580.9 6974.6
VSI typell 27258.9 18476.5 13622.1 12768.3 13929.0 15089.8 16250.5 17411.3 18572.5 19732.8 22667.5
CSl type | 31832.7 21580.3 14811.6 11085.3 9851.1 9897.7 10367.5 10945.5 12828.6 18107.3 14175.7
CSil typell 54601.7 45130.0 40394.1 32176.0 35101.1 36215.4 35101.1 33429.6 35658.3 33151.0 35101.1
highThrust 99935.6 99722.7 99178.8 98208.4 96978.2 95875.5 95233.5 95146.7 95498.8 96086.1 96730.5
Pj 20.000 (MW) nju 180.000 (deg) r -3.0000 -0.0000 \% 0.0000 -0.5774
TOF(TU_Sun) 6.000 6.500 7.000 7.500 8.000 8.500 9.000 9.500 10.000 10.500 11.000
VSI type | 6885.3 4924.3 3855.0 3353.0 3203.0 3265.9 3452.6 3706.3 3991.7 4286.2 4576.5
VSI typell 13929.0 15089.8 16250.5 17411.3 18572.2 19732.8 20903.7 22054.3 23215.0 24375.8 25536.5
CSl type | 9148.9 6677.1 5744.1 5847.3 6138.1 6599.7 7813.8 12453.8 11089.7 9988.9 6734.1
CSI typell 35101.1 34404.6 29250.9 27161.6 26743.7 30783.1 30086.7 26465.1 36215.4 35101.1 39837.0

highThrust 98779.1 97738.9 96399.6 94991.9 93826.3 93143.5 93003.4 93300.4 93862.1 94534.8 95215.6

150



Table 26: Transfer Orbit to Asteroids with 30MW Jet Power.

Asteroids Fuel  Consumed(kg)
Pj 30.000 (MW) nju 60.000 (deg) r 1.5000 2.5981 VvV -0.5000 0.2887
TOF (TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VS| type | 28549.5 26707.8 25464.1 24529.1 23757.3 23074.7 224435 21843.6 21265.0 20702.6 20154.1
VS| typell 30524.2 31094.3 28547.8 28093.0 20893.5 22634.6 24375.8 31791.4 27858.0 29599.1 31340.3
CSlI type | 41167.5 38762.4 36798.1 25440.6 21356.4 14955.0 10917.0 8285.2 6530.5 5194.9 4168.8
CSI typell 58501.8 56412.5 56412.5 57457.1 60173.3 62471.6 64352.0 65814.5 70202.2 68670.0 63934.1
highThrust 99967.1 99964.3 99966.5 99971.5 99977.0 99982.0 99985.9 99989.0 99991.3 99993.0 99994.4
Pj 30.000 (MW) nju 90.000 (deg) r -0.0000 3.0000 VvV  -05774 -0.0000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 17632.0 15671.5 14851.0 14554.9 14482.0 14488.1 14505.7 28947.3 14477.1 14417.1 14327.5
VSI typell 20021.8 19296.6 19719.1 25341.5 21401.4 22674.2 24375.8 26116.9 27858.0 29599.1 31340.3
CSl type | 25172.7 23661.1 23038.6 23793.8 22636.6 21852.3 16365.8 12409.7 12174.9 6531.0 7281.4
CSl typell 50144.4 43249.6 43876.4 43667.4 47637.2 46174.7 49726.5 50144.4 53487.4 92349.3 56412.5
highThrust 99770.3 99684.1 99646.4 99657.2 99701.0 99757.3 99811.1 99855.5 99889.7 99915.3 99934.2
Pj 30.000 (MW) nju 120.000 (deg) r -1.5000 2.5981 VvV -0.5000 -0.2887
TOF (TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VS| type | 14793.0 10512.2 8491.4 7690.1 7510.2 7627.5 7871.0 8152.3 8427.5 8675.6 8888.2
VS| typell 17240.3 15670.1 17411.3 19152.4 23588.5 24949.4 24375.8 26126.8 27858.0 29599.1 31340.3
CSl type | 18997.5 14314.4 12660.6 12409.7 12626.4 15152.1 15818.5 14643.3 14768.3 10464.4 7050.9
CSI typell 46801.5 41369.1 41787.0 34474.3 37608.3 40742.3 38026.2 43876.4 40115.5 42622.8 63934.1
highThrust 99699.9 99248.7 98737.2 98367.9 98225.4 98293.0 98500.5 98763.9 99019.3 99235.7 99406.6
Pj 30.000 (MW) nju 150.000 (deg) r -2.5981 1.5000 VvV -0.2887 -0.5000
TOF(TU_Sun) 4.000 4.500 5.000 5.500 6.000 6.500 7.000 7.500 8.000 8.500 9.000
VSI type | 19455.2 12170.0 7903.3 5583.2 4435.9 3968.1 3881.4 3999.9 4220.9 4485.7 4760.4
VSI typell 21168.6 15670.1 17411.3 19152.4 20893.5 22634.6 24375.8 26116.9 27858.0 29599.1 31340.3
CSl type | 24010.2 15658.2 10443.3 7656.3 6726.8 6737.3 7057.8 7461.4 7875.6 8447.2 8619.2
CSil typell 50144.4 43249.6 37608.3 34474.3 30086.7 27161.6 32176.0 34474.3 30086.7 35519.0 41369.1
highThrust 99935.6 99722.7 99178.8 98208.4 96978.2 95875.5 95233.5 95146.7 95498.8 96086.1 96730.5
Pj 30.000 (MW) nju 180.000 (deg) r -3.0000 -0.0000 \% 0.0000 -0.5774
TOF (TU_Sun) 6.000 6.500 7.000 7.500 8.000 8.500 9.000 9.500 10.000 10.500 11.000
VS| type | 4698.0 3337.6 2603.4 2260.6 2158.4 2201.3 2328.5 2501.8 2697.0 2898.9 3098.2
VS| typell 20893.5 22634.6 24375.8 26116.9 27858.0 29599.1 31340.3 33081.4 34822.5 36563.6 38304.8
CSl type | 6324.2 4555.7 4248.1 3896.6 4139.1 4456.8 4793.7 10159.3 7011.9 5746.0 5028.4
CSI typell 35101.1 32593.9 29250.9 28206.2 26743.7 28415.2 33847.5 31758.1 37608.3 35101.1 32176.0

highThrust 98779.1 97738.9 96399.6 94991.9 93826.3 93143.5 93003.4 93300.4 93862.1 94534.8 95215.6
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Jupiter
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Jupiter
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Table 27: Transfer Orbit to Jupiter with 10MW Jet Power.

Fuel
10.000

4.000
68922.4
68994.4
82191.1
77222.4
99999.3

10.000

6.000
37660.5
38009.0
48876.4
57164.6
99946.8

10.000

10.000
13407.1
16253.2
28756.7
35101.1
98608.4

10.000

10.000
10675.1
13524.2
16642.0
41787.0
99304.7

Table 28: Transfer Orbit to Jupiter with 20MW Jet Power.

Fuel
20.000

4.000
52581.6
52937.9
63502.3
70870.8
99999.3

20.000

6.000
23198.5
24994.9
30675.8
54156.0
99946.8

20.000

10.000
7098.0
23215.0
17436.4
43458.5
98608.4

20.000

10.000
5638.6
23239.4
8774.6
40115.5
99304.7

Consumed(kg)
(MW) nju 90.000
5.000 6.000
54109.3 44194.4
54235.7 44452.2
70667.9 63066.3
67277.1 61677.6
99991.5 99968.0
(MW) nju 120.000
7.000 8.000
28892.2 242243
29494.7 25216.5
42256.6 43059.1
57331.8 52150.2
99813.8 99619.5
(MW) nju 150.000
12.000 14.000
12157.1 12101.6
17015.2 22551.5
26063.8 15761.6
43124.2 38611.2
97673.4 97543.9
(MW) nju 180.000
12.000 14.000
7920.0 7466.6
16787.5 18806.3
17461.6 18871.0
41118.4 40951.3
97994.9 96654.4

Consumed(kg)
(MW)  nju 90.000
5.000 6.000
37089.1 28365.3
37889.5 29967.7
49153.3 41155.2
61844.8 57164.6
99991.5 99968.0
(MW)  nju 120.000
7.000 8.000
16885.2 13781.4
20248.7 19819.7
24971.0 23126.5
53821.7 45464.3
99813.8 99619.5
(MW)  nju 150.000
12.000 14.000
6472.0 6440.5
27862.0 32501.0
13174.4 9938.4
44127.1 42121.3
97673.4 97543.9
(MW) nju 180.000
12.000 14.000
4123.3 3878.1
27858.0 32501.0
8848.1 8885.8
50144.4 35101.1
97994.9 96654.4

(deg) r

7.000
38342.0
38861.4
58046.7
57916.8
99934.9

(deg) r

9.000
21840.1
23351.1
41097.5
50395.1
99436.2

(deg) r

16.000
12246.5
18606.6
10220.8
42789.9
97947.1

(deg) r

16.000
7680.3
18572.0
11500.2
40115.5
96089.4

(deg) r

7.000
23718.1
26490.1
36602.8
53821.7
99934.9

(deg) r

9.000
12258.5
20967.6
21236.8
54156.0
99436.2

(deg) r

16.000
6522.6
37144.0
5600.6
42789.9
97947.1

(deg) r

16.000
3993.5
37144.0
6560.6
40115.5
96089.4

-0.0000

8.000
34862.0
35744.8
49407.1
58836.1
99904.4

-2.5000

10.000
20604.3
22668.8
34475.0
51815.9
99312.6

-4.3301

18.000
12339.9
28072.7

7105.5
43625.6
98444.9

-5.0000

18.000
8025.5
20893.5
8246.9
43625.6
96281.1

-0.0000

8.000
21110.8
36188.2
33208.0
54824.6
99904.4

-2.5000

10.000
11485.4
23215.1
25901.9
48472.9
99312.6

-4.3301

18.000
6575.7
41787.0
4820.0
45130.0
98444.9

-5.0000

18.000
4180.5
41787.0
3849.7
42121.3
96281.1

152

5.0000

9.000
32617.2
33874.4
38829.4
60173.3
99884.1

4.3301

11.000
19918.3
34509.0
29231.0
49643.0
99261.3

2.5000

20.000
12336.6
23215.0

6209.5
41787.0
98849.6

-0.0000

20.000
8336.4
26293.5
6347.1
45130.0
96800.9

5.0000

9.000
31141.2
28647.2
26847.3
52651.6
99884.1

4.3301

11.000
11060.7
25536.5
15797.8
49643.0
99261.3

2.5000

20.000
6573.9
46458.9
3374.2
50144.4
98849.6

-0.0000

20.000
4349.5
46430.0
3178.0
36772.6
96800.9

\%

10.000
31001.3
42448.3
29936.5
61009.0
99876.3

\

12.000
19484.3
34375.4
21202.5
49141.5
99273.4

\%

22.000
12246.3
25536.5
21280.2
44127.1
99140.9

\

22.000
8571.0
25536.6
19293.9
44127.1
97354.6

\

10.000
18344.1
23229.7
17842.6
53487.4
99876.3

\%

12.000
10793.7
27858.0
11853.5
50144.4
99273.4

\

22.000
6522.5
51073.0
5554.5
47804.3
99140.9

\Y

22.000
4477.4
51073.0
2092.9
44127.1
97354.6

-0.4472

11.000
29711.2
35060.1
24986.9
62513.4
99879.4

-0.3873

13.000
19157.5
28261.1
17776.4
51063.7
99329.6

-0.2236

24.000
12089.1
27858.0
11927.6
48138.6
99344.5

0.0000

24.000
8727.8
27887.6
6052.0
44127.1
97832.8

-0.4472

11.000
174475
31611.1
14434.4
53320.2
99879.4

-0.3873

13.000
10593.5
30179.5

9884.1
49977.3
99329.6

-0.2236

24.000
6433.4
55716.0
3521.5
48138.6
99344.5

0.0000

24.000
4563.0
55716.0
11401.3
40115.5
97832.8

-0.0000

12.000
28597.2
31855.4
18634.6
67193.5
99889.8

-0.2236

14.000
18868.9
22531.8
13827.0
46801.5
99408.4

-0.3873

26.000
11884.3
30179.5

5652.2
49977.3
99487.6

-0.4472

26.000
8817.4
30179.5
13178.8
45631.4
98216.6

-0.0000

12.000
16684.2
27858.0
10322.3
54156.0
99889.8

-0.2236

14.000
10417.3
32501.0

7322.0
46801.5
99408.4

-0.3873

26.000
6317.6
60360.2
5170.9
52150.2
99487.6

-0.4472

26.000
4612.0
60359.0
5475.0
47804.3
98216.6

13.000
27584.5
29766.1
14575.0
79311.8
99903.5

15.000
18587.5
174113
13661.1
50144.4
99492.6

28.000
11647.6
32501.0

5674.7
491415
99589.9

28.000
8852.4
32501.0
8717.2
42121.3
98517.3

13.000
15998.9
30179.5

7957.7
69533.6
99903.5

15.000
10246.0
34822.5

5771.5
47637.2
99492.6

28.000
6184.0
65002.0
3058.3
56161.7
99589.9

28.000
4631.2
65002.0
3433.9
46801.5
98517.3

14.000
26636.6
28967.9
11552.9
57331.8
99917.6

16.000
18299.6
18572.0

8826.7
49475.8
99571.5

30.000
11390.4
348225

7850.5
50144.4
99664.7

30.000
8844.4
34823.0
15118.9
47637.2
98751.9

14.000
15364.6
32501.0

6132.9
65522.0
99917.6

16.000
10071.3
37144.0

5353.4
50813.0
99571.5

30.000
6039.1
69645.0
6698.7
55158.9
99664.7

30.000
4626.8
69645.0
8291.4
45130.0
98751.9



Jupiter
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Saturn
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Table 29: Transfer Orbit to Jupiter with 30MW Jet Power.

Fuel
30.000

4.000
42504.2
43413.9
51958.1
69199.3
99999.3

30.000

6.000
16761.8
21596.9
22437.8
52651.6
99946.8

30.000

10.000
4907.7
348225
10639.5
40115.5
98608.4

30.000

10.000
3831.0
34822.5
5931.2
37608.3
99304.7

Table 30: Transfer Orbit to Saturn with 10MW Jet Power.

Fuel
10.000

20.000
17892.9
31027.5
17555.4
56830.3
99698.5

10.000

20.000
12681.2
28541.7
15820.9
56830.3
99369.4

10.000

24.000
7941.0
27858.0
11227.4
46132.9
99108.2

Consumed(kg)
(MW)  nju 90.000
5.000 6.000
28214.2 20884.8
30371.8 25314.0
37767.8 30533.8
60173.3 60173.3
99991.5 99968.0
(MW) nju 120.000
7.000 8.000
11928.5 9630.0
24375.8 27858.0
17741.4 15924.6
49141.5 54156.0
99813.8 99619.5
(MW)  nju 150.000
12.000 14.000
4409.8 4387.8
41787.0 48751.5
9546.6 5718.2
45130.0 35101.1
97673.4 97543.9
(MW) nju 180.000
12.000 14.000
2787.2 2619.2
41787.0 48751.5
6264.0 6552.7
39112.6 35101.1
97994.9 96654.4

Consumed(kg)
(MW)  nju 120.000
22.000 24.000
16648.4 15629.8
25536.5 27858.0
16238.1 11293.8
51481.6 52150.2
99640.2 99600.0
(MW) nju 150.000
22.000 24.000
11765.2 11117.8
25536.5 27858.0
13901.6 13730.3
45965.7 52150.2
99086.7 98824.4
(MW)  nju 180.000
26.000 28.000
7556.6 7296.5
30179.9 32501.0
15076.9 10948.9
43458.5 49141.5
98745.0 98372.4

(deg) v

7.000
17169.5
25137.0
26691.7
59671.9
99934.9

(deg) r

9.000
8520.5
31340.3
16518.3
49643.0
99436.2

(deg) r

16.000
4445.0
55716.0
3599.7
48138.6
97947.1

(deg) r

16.000
2698.3
55716.0
4354.4
32092.4
96089.4

(deg) r

26.000
14756.3
30179.5

9867.6
56496.0
99577.6

(deg) r

26.000
10622.6
30179.5
17862.9
52150.2
98611.2

(deg) r

30.000
7107.7
37501.6
10200.1
37608.3
98023.9

-0.0000

8.000
15139.3
27892.8
24249.9
54156.0
99904.4

-2.5000

10.000
7961.8
34822.5
14814.4
45130.0
99312.6

-4.3301

18.000
4482.0
62683.3
2652.7
40617.0
98444.9

-5.0000

18.000
2826.4
62680.5
27111
36104.0
96281.1

-5.0000

28.000
13982.6
32501.0

8706.0
56161.7
99570.8

-8.6603

28.000
10216.5
32501.0

9131.8
53821.7
98460.4

-10.0000

32.000
6960.2
37144.0
16081.4
48138.6
97725.5

153

5.0000

9.000
13893.7
31340.3
177126
56412.5
99884.1

4.3301

11.000
7656.1
38304.8
11065.7
46885.0
99261.3

2.5000

20.000
4480.8
69645.0
3372.8
50144.4
98849.6

-0.0000

20.000
2942.3
69645.0
2168.6
401155
96800.9

8.6603

30.000
13282.7
34822.5

7882.0
55158.9
99576.6

5.0000

30.000
9864.9
34822.5
11561.2
49643.0
98373.1

-0.0000

34.000
6836.2
39465.5
6412.9
53988.8
97493.0

\

10.000
13025.9
34853.6
12499.8
55158.9
99876.3

\%

12.000
7464.4
41787.0
8743.5
48138.6
99273.4

\

22.000
4445.0
76609.5
2044.2
49643.0
99140.9

\%

22.000
3030.1
76609.5
1695.4
38611.2
97354.6

Vv

32.000
12640.5
37144.0
11860.0
56161.7
99591.8

\Y

32.000
9548.3
40193.6
6443.6
45464.3
98342.9

Vv

36.000
6725.6
41788.3
11603.6
45130.0
97331.2

-0.4472

11.000
12350.0
38304.8
10019.3
63432.7
99879.4

-0.3873

13.000
7320.8
45269.3
6794.0
52150.2
99329.6

-0.2236

24.000
4382.9
83574.0
2413.2
54156.0
99344.5

0.0000

24.000
3089.0
83574.0
3563.3
48138.6
97832.8

-0.2739

34.000
12045.9
39465.5

8928.3

100000.0
99613.1

-0.1581

34.000
9255.6
39465.5
6717.2
51147.3
98358.7

0.0000

38.000
6622.4
44108.5
31218.0
47637.2
97236.4

-0.0000

12.000
11777.9
41787.0

7146.5
54156.0
99889.8

-0.2236

14.000
7194.7
48751.5
5039.1
491415
99408.4

-0.3873

26.000
4302.3
90538.5
3540.2
52150.2
99487.6

-0.4472

26.000
3122.7
90538.5
6223.1
45631.4
98216.6

-0.1581

36.000
100000.0
41787.0
100000.0
100000.0
99637.9

-0.2739

36.000
8980.4
41787.0
18626.9
48138.6
98408.6

-0.3162

40.000
6523.2
46430.0
6418.6
43458.5
97199.5

13.000
11266.8
45269.3

5419.6
61928.4
99903.5

15.000
7072.2
52233.8
3848.4
45130.0
99492.6

28.000
4209.4
97503.0
3420.7
49141.5
99589.9

28.000
474.5
97503.0
3101.7
491415
98517.3

38.000
100000.0
44108.5
100000.0
100000.0
99664.0

38.000
8718.8
44108.5
15607.2
47637.2
98480.9

42.000
6426.2
48751.5
8654.8
491415
97209.0

14.000
10796.0
48751.5

4245.6
59671.9
99917.6

16.000
6947.4
55716.0
3207.5
52150.2
99571.5

30.000
4108.8
100000.0
5788.7
60173.3
99664.7

30.000
3132.8
100000.0
2383.5
45130.0
98751.9

40.000
100000.0
100000.0
100000.0
100000.0

99689.9

40.000
8468.7
46430.0
7536.4
56830.3
98566.1

44.000
6330.2
52091.9
21503.5
55158.9
97253.4



Saturn
Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSI typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Pj

TOF(TU_Sun)
VSI type |
VSI typell
CSl type |
CSl typell
highThrust

Table 31: Transfer Orbit to Saturn with 20MW Jet Power.

Fuel
20.000

20.000
9825.5
46430.0
9779.7
53487.4
99698.5

20.000

20.000
6769.8
46430.0
8590.8
50144.4
99369.4

20.000

24.000
4134.6
55716.0
6147.8
48138.6
99108.2

Consumed(kg)
(MW) nju 120.000
22.000 24.000
9080.1 8477.4
51073.0 55716.0
9039.5 5992.4
58836.1 48138.6
99640.2 99600.0
(MW)  nju 150.000
22.000 24.000
6250.3 5886.1
51073.0 55716.0
8695.6 7164.5
47804.3 44127.1
99086.7 98824.4
(MW) nju 180.000
26.000 28.000
3926.7 3786.4
60359.0 65002.0
5294.3 4591.6
43458.5 42121.3
98745.0 98372.4

(deg) r

26.000
7965.9
60359.0
5871.0
52150.2
99577.6

(deg) r

26.000
5609.2
60359.0
5747.0
43458.5
98611.2

(deg) r

30.000
3684.8
69645.0
5177.3
50144.4
98023.9

-5.0000

28.000
7516.9
65002.0
4476.6
46801.5
99570.8

-8.6603

28.000
5383.2
65002.0
4666.1
46801.5
98460.4

-10.0000

32.000
3605.6
74288.0
3396.0
42789.9
97725.5
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8.6603

30.000
7113.8
69645.0
3722.0
50144.4
99576.6

5.0000

30.000
5188.4
69645.0
11097.7
50144.4
98373.1

-0.0000

34.000
3539.1
78931.0
4198.0
34098.2
97493.0

\%

32.000
6746.7
74288.0
6801.8
64184.9
99591.8

\

32.000
5013.5
74288.0
3193.3
48138.6
98342.9

\%

36.000
3479.8
83574.0
7280.2
42121.3
97331.2

-0.2739

34.000
6409.0
78931.0
6352.7
56830.3
99613.1

-0.1581

34.000
4852.4
78940.0
10011.6
51147.3
98358.7

0.0000

38.000
3424.6
88217.0
24282.9
44461.4
97236.4

-0.1581

36.000
6096.3
83574.0
7364.0
60173.3
99637.9

-0.2739

36.000
4701.3
83574.0
10042.6
42121.3
98408.6

-0.3162

40.000
3371.6
92860.0
3362.5
46801.5
97199.5

38.000
5805.5
88217.0
5902.9
57164.6
99664.0

38.000
4558.1
88218.2
5252.3
57164.6
98480.9

42.000
3319.8
97503.0
4542.5
42121.3
97209.0

40.000
5534.3
92860.0
5045.8
66859.2
99689.9

40.000
4421.6
92860.0
5206.6
46801.5
98566.1

44.000
3268.6
100000.0
6376.2
66190.6
97253.4



APPENDIX B

EQUA TIONS USED IN THE CODE

B.1 1st-or der Gradient Metho d

For the problems in this researd), the Lagrangian L in Egn. 167 and its derivatives are
zero, so @Q.=@ in Egn. 169and @=@u in Egns. 172 and 173 are zero. The matrix W is
setto be an identity matrix of sizem m, wherem is the number of cortrol variables. So

we needthe expressionsfor @ =@ and @ =@.
B.1.1 VSI { Unconstrained Igp

The equations of motion and cortrol variables are expressedas Egns. 79 and 78. If we

changethe notation as

T T
X = Xy zZ UV WM = Xg X1 X2 X3 X4 X5 Xg (150)
T T
8 = T, Ty, T, = u up Uz ; (151)
Egn. 79 becomes
2 3 2 3 2 3
X0 X3 X3
X1 X4 X4
X2 X5 X5
f = X37 = X 0=I’3+ Uo=Xg = ap, + Up=Xe (152)
X4 X 1=r3 + U1=Xg aa, + U1=Xe
X5 X 2=r3 + Up=Xg an, + Ux=Xg
X6 (U3 + u? + u3)=2P,; (U3 + u? + ud)=2P,
where ap, is an accelerationvector from an attracting body
2 3
X o=r
ap = g X 1=r3 (153)
X o=r3
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The derivative of this vector with respect to x; is
2

3

3X oXg 2 3X oX1 3X oX2
%: r%g 3X 1Xo 3X 1X7 r 2 3X 1Xp 03 éi (154)
3X 2Xo 3X 2X1 3X Xy 2
Then @=@ and @=@ (7 3) become
2 3
O3 3 I3 3 O3 1
% - § %s _ Oss usghiiz o2 (155)
O1 7
2 3
O3 3
1=Xg 0 0
=8 0 1% o (156)
0 0 1=Xg
uo=P;  ui=P;  uz=P;

B.1.2 VSI { Constrained

Isp

The equationsof motion and cortrol variablesare expressedas Eqns. 81 and 80. If we again

useEgn. 150 and

T
Eqgn. 79 becomes
2 3 2 3 2
Xg X3
X1 Xa
X2 X5
f=8xz7 = X 0=r3+ UgUus=Xg7 = Baa
X4 X 1=I‘3+ Uq1U3=Xg aa
X5 X 2:I’3 + UoU3=Xg aa
X 2=2P
(6 Uz=zrg

156

o T UgU3=Xs

Uy (157)

X3
X4
X5

(158)

. T U1U3=Xg

, T U2U3=Xg

u§=2PJ



The derivative of this vector with respect to x is

1
@ 5

Then @=@ and @ =@ (7 4) become

RS

9

B.1.3

23x oXog r?2 3X oX1 3X oX2
g 3X 1Xo 3X 1X7 r 2 3X 1X7 03 4% (159)
3X 2Xo 3X 2X1 3X Xy 2
2 3
I3 3 O3 1
- E %3 . O3 uiU3zxé; i= 0,12 (160)
O:1 7
2 3
O3 4
U3=Xg 0 0 Uo=Xs
= 0 U3=Xg 0 U1=Xg (161)
0 0 U3s=Xg U2=Xg
0 0 0 us=P;

CSI { Contin uous Thrust

The equations of motion and control variables are expressedas Eqgns. 89 and 88. If we use

the following expression

Eqgn. 89 becomes
2 3

XQ

2

X1
X2
X3
X4
X5

X6

X3
X4
X5
X 0=r3+ T cOS COS=X g
X 1=r3+ T sin coS =X g
X 2=r3+ T sin =x ¢

T2=2P;

Then @=@ and @ =@ (7 2) become

157

Up Uy

E

; (162)

+ T CcOSUg COSU1=Xg (163)
+ T sinug COSU1=Xg
+ T sinu1=Xg

2y —
u0+ u1+ us)=2P;



Slfe)
I
iNNe)9)9)0)0)9)9)0)0)0) )} N
® o
w
9 o
w w

O3 2

T sinug Cosu;=Xg

T cosug cosu1=Xg

9

0
0

B.1.4 CsSI { Bang-O-bang Control

O3 1
T cosug Cosu;=x3
T sinug cosu;=x3 (164)

T sinup=x3

T coSug Sinu1=Xg
T sinugsinu;=xgZ : (165)
T cosu1=Xg

0

Equations are the sameas VSI { Constrained | 5, case.
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APPENDIX C

NUMERICAL  TECHNIQUES

In this chapter, numerical techniquesthat are usedto create an interplanetary trajectory
optimization program are introduced. Thesetechniquesare usedto implement the methods

described in the last chapter into the program and they are as follows:

A rst-order gradient algorithm basedon the optimal cortrol technique is used to

compute the optimal cortrol history of the thrust.

Runge-Kutta integrates the equations of motion with a given initial condition. This

is usedalong with the rst-order gradient algorithm.

A line seard is used with Powell's method. Three-point quadratic polynomial ap-

proximations are usedin this researt.

Powell's method is a zero-order method that nds the minimum point. This is used

for seweral purposes:

{ to nd the bestdirections of motion of the spacecraftat departure and at arrival.
{ to nd the bestentry velocity and the impact parameterfor a swing-by tra jectory.
{ to nd the initial valuesof the Lagrange multipliers that satisfy the target con-

ditions.

Among seeral methods available to solve the Gauss problem that calculate a high
thrust trajectory, the direct p-iteration method is chosen. The procedure and equa-

tions for this method are introduced.

Penalty functions are used for the trajectory inside the SOI for swing-by casesto
restrict the minimum approading distance. As the spacecraftapproachesthe swing-

by planet, the spacecraftmust not hit the planet or y above the planet's atmosphere
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if there is an atmosphere.

This chapter also includes the brief explanation of VRML (Virtual Reality Modeling

Language).

C.1 Calculus of Variations: First-or der Gradient Algorithm

Supposethat we would liketo nd the cortrol variablesu(t) on the time interval [t;;t; ] that
drive the plant

x = fx(t);u(t);tl; x(t)given, ti t t;; (166)

along atrajectory x(t). x(t), an n-vector function, is determined by u(t), an m-vector func-

tion. The cortrol history will be chosensud that the performanceindex, J, is minimized:

Z
J = [x(tr);te] + t L[x(t); u(t); t] dt (167)
t

[x(ts);ts] : the nal weighting function

L{x(t);u(t);t] : the Lagrangian

and suc that the g-vector(q n 1ifL =0, nifL 6 0)sideconstraints [x(ts);ts]
satisfy

[X(t:);t:] = O (g equations). (168)

The computation method to obtain the histories of the cortrol variables for the above

problem is preseried below. This method is called the rst-order gradient algorithm[17].

1. Estimate a set of cortrol variable histories, u(t).

2. Integrate the system equations x = f (x; u;t) forward with the speci ed initial con-

ditions x(tj) and the control variable histories from Step 1. Record x(t), u(t), and

[x(ts)].

3. Determine an n-vector of in uence functions p(t), and an (n @) matrix of in u-

encefunctions, R(t), by backward integration of the in uence equations, using x(t¢)
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obtained in Step 2 to determine the boundary conditions.

8
@ T a ' 50 =1
p = a P & pi(ts) = 3 (169)
(@@Xi)=y, 1=0q+ L
8
@ T 51; i=j; i=L:m
R = @ R; Rij (tf) = 5 (170)
O i6j; j=1::q
4. Simultaneously with Step 3, compute the following integrals:
Z t; T
@ @ .
| = RT=w ! = Rdt -matrix 171
r @ @ [(a 9 ] (171)
@ @ @ '
Iy =17, = =+ = w ! = Rdt [growvector] (172
J 3 ) Fra’ a@ @ (¢ . 1 (172)
Zy, T T
@ @ @ Q
ly; = =+ = wl = + = dt 173
JJ . p a @ @ p Q@ (173)

whereW is an (m

5. Choosevaluesof

m) positive-de nite matrix and | ;; is a scalar.

sudh that the next nominal solution is closerto the desiredvalues

[X(tf)] = 0. For example, one might choose = [X(tf)]; 0 < 1. Then
determine from = [I ] +1 j).
6. Repeat Steps 1 through 6, using an improved estimate of u(t), where
@ @’
ut)y= W] * =+ 1[pt)+ R I'= 174
()= W]l @[p() ()]@ (174)

Stopwhen [x(t;)] = 0andlj;

15 1 Y ;= 0to the desireddegreeof accuracy

The explicit forms of the derivatives (@ =@); (Q=@X); (Q.=@X); (Q.=@u) are in Ap-

pendix B.1.

C.2 Numeric al

Inte gration: Runge-Kutta

The Runge-Kutta algorithm lets us solve a di erential equation numerically. Consider a

single variable problem

yo=f(xy) (175)
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with initial condition y(0) = yg. Supposethat y, is the value of the variable at x,. The
Runge-Kutta formula takesy, and x,, and calculatesan approximation for yn+1 at Xnp+1 (=
Xn + h, where h is assumedto be small).

For a second-orderRunge-Kutta[11],

Yn+1 = Yn + g[f (Xn;¥n) *+ f (Xn+15Yn + Df (Xn;yn)] (176)
or
Vi = Yot SF1+ Fo a77)
F1 = hf (Xn;yn) (178)
Fo = hf (Xns1;Yn + hf (Xn;yn)) (179)

For a fourth-order Runge-Kutta,

h

Yn+1 = VYn + E[Fl + 2F2 + 2F3 + F4] (180)

Fi = f(Xniyn) (181)
1 1

Fo = f xp+ éh;yn + EhFl (182)
1 1

Fz3 = f Xxp+ =h;yq+ zhF; (183)
2 2

Fa = f(Xnp+ h;hy+ hV3) (184)

C.3 Line Search: Thr ee-point Polynomial Appr oximations

There are seweral line seardr methods. Golden Section Method[78] corvergesrapidly, but a
disadvantage is that the region where the minimum point lies should be known beforehand.
Most of the problems dealt with in this paper cannot use this method becausethere is
little information on the minimum points in these problems. In this researt, three-point
polynomial approximations are used. This method can easily change the range and the
direction of the seard vector. Therefore, this method is appropriate to the problems dealt
with in this researd.

The second-orderapproximating polynomial is[78]

F=a+ aX + a2X2 (185)
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For athree-point quadratic approximation, there arethree known points: (X 1;F1); (X 2; F2),

and (X 3; F3). From thesepoints and Eqn. 185, coe cien ts ag; a;; a, are obtained:

a = F1 aXi apX? (186)
F2 Fi
= £ - X1+ X 187
a X, Xi ax(X1 2) (187)
a (F3 F1)=(X3 Xi1) (F2 F1)=(X2 Xl): (188)
X3 Xo

Assuming that the distance betweenX; and X, and betweenX, and X 3 are the sameand

is expressedas dX, the value of X that minimizes the value of this polynomial is

a 4F, 3F; F3
X = —= dx: 189
26[2 4F2 2F3 2F1 ( )

In the casewhere F; > Fo> > Fsz or F1 < F, < F3, that is, if the minimum does hot
lie between X1 and X 3, the accuracy of this polynomial approximation is questionable. In
such caseswve can nd aregionwhereF; is smallerthan both F; and F3 by either increasing
or decreasingthe value of dX.

If the minimum doesnot exist between X ; and X 3, the following stepsare taken.

If F1 > F, > Fg, it is likely that the minimum should lie a point beyond X 3. By

doubling dX, the sameseard described above is repeated.

If F1 < F2 < F3, the minimum is in the opposite direction. Change the seard

direction by multiplying dX by -1, then repeat the sameseard.

C.4 Numeric al Optimization:  Powel I's Metho d

There are se\eral types of methods for nding the minimum point of unconstrained prob-
lems. For example, rst-order methodsfor nding the minimum utilize gradient information.
Examples of these methods are the steepest-decem method and Fletcher-Reewes method.
Second-ordemethods, such as Newton's method, usegradients and the Hessianmatrix and
usually convergefaster than rst-order methods. Thesegradient-based methods require the
calculation of the gradient of functions, but sometimescomputing gradierts is extremely

di cult or time-consuming, especially if the functions are complicated. Comparedto these
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methods, zero-order methods do not require tedious computation or complicated program-
ming, although thousands of function calls may be required. In this researth Powell's

method, one of the most e cien t and reliable zero-ordermethods, is applied.

Start
Choose X°

v

Initialize S9
to coordinate unit
vectors,q=1,2, ..., n

X = X0
Y
— Y =X
— ]

Find *to
min F(X3+ *S4*1)

Y
oo i
 / ’ XO+L = X0 4 *Sa+l

Find *to
min F(X9+ *S9)

y Converged?
X4 =Xal 4+ *Sd

Su = ga+t

No @ Yes q= 1,2,..., n

Figure 121: Flowchart of Powell's method[78§].

The ow of Powell's method is showvn in Fig. 121. The basicconceptof Powell's method is
to rst seard in n-orthogonal directions, whereS':i = 1; n, arethe coordinate directions
and eat seard consistsof updating of the X vector. The starting point of i-th iteration,
X1, canbe calculatedby X' = X' 1+ . S'where ; is ascalarmultiplier determining the
amount of changein X for this iteration. These directions are not usually conjugate but
provide a starting point from which conjugate directions are built. Having completed the

n unidirectional seartes,a new seart direction is created by connectingthe rst and last

design points. This becomesthe n + 1 seard direction. At the end of the n-th iteration,
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the n+ 1-th seard diretion S"*! is found by connectingall the points from X ° through the
point X",

X :
st = S (190)
i=1
It is conveniert to storethe seard information in ann n array H. Initially , the identit y

matrix is used for this array. The columns of H correspond to the unidirectional searth
vectorsS';i = 1 n. After nding the minimum in eac direction, we replaceS' in matrix
Hby ;S.

H=[,st ,s° 1S"] (191)

For the n + 1-th seart, we create a conjugate direction using Eqn. 190. With this seard
vector the minimum point is calculated to determine the parameter ;,,. Now ead column
of the H matrix is shifted by one to the left, eliminating the ;S entry, and storing
nel S"*1 in n-th column. This providesa new H matrix cortaining n seard directions to
start the entire seard processover. Therefore for this new seard, the rst seard direction
is ,S2.
Note that asthe seard goeson, the seard directions may gradually becomeparallel. To
avoid the seardhiesbecomingstuck in the samedirection, the H matrix shouldbe periodically

resetto the identity matrix, in this caseevery 2n + 1 iterations.

C.5 Solving High Thrust Problems: Gauss Problem

In this section, numerical method for solving Gaussproblem is preseried. The method used

in this researt is \Solution via universal variables" explainedin Sec.5.3
C.5.1 Solution via Univ ersal Variables
As explained above, this method requiresthe \direction of motion" to obtain V. Following

this procedure:

1. From #; and f» and the \direction of motion," evaluate the constart, A, using

p____ .
A= piir2sin (192)
1 cos
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where is obtained from

F.'
= arccos - 1..F2. (193)
JfF1))f2)
. Pick a trial value for z. Sincez = E?and z = F?, this amounts to guessing

the changein the eccertric anomaly. The usual rangefor z is from negative valuesto
(2 )2. Valuesof z greaterthan (2 )? correspond to a changein the eccertric anomaly

of morethan 2 and can occur only if the satellite passeshadk through 1 enroute to

.

. Evaluate the functions S and C for the selectedtrial value of z using the following

equations.
P P— 2 3
c(2) 1 cossz_1 coshh z_ 1 z, 2
z - z 20 4 6 8 T
(o
‘<0 2k + 2)! (194)
P2 sinPz snhP =2 P72 1 2z 2 3
S(Z) P = = B = 2 — + — —
z ( 2)3 3 51 71 o9
X (2
= - (2k n 3)| (195)
. Determine the auxiliary variable, y, from
y=r1+ro A(ipé—s): (196)
. Determine x from .
_ Y.
X = c (297)
. Ched the trial value of z by computing t from the equation
Pt = x3s+ APy (198)

and compareit with the desiredtime of ight. If the two valuesare not nearly equal,
adjust the trial value of z and repeat the procedure until the desired value of t is
obtained. A Newton iteration is typically usedto calculate next value of z.

th

+
dt=dzj,- ,, (199)

Zn+1 = Zn
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where

_dt 3sc® A 3Py A
'[’&:x3 $0 T 4T =22 (200)

S%and CPare the derivativesof S and C with respect to z. Thesederivativesmay be

evaluated from these equations exceptwhen z is nearly zero (near-parabolic orbit).

ds 1
& = 2,C 39 (201)
dc 1
& = 51 s 0 (202)

If z is near zero, these equations may be used.

2 3
Co = 1+ g 3i+ 4i
4! 6! 8! 10!
1 2z 322 473

0 _—
SR TR T E TR (204)

(203)

. When the method has convergedto a solution, evaluate f, g, and g from Egns. 97,

98, and 100, then compute v, and v, from

t2 frp

¥ = (205)
g
F..
v, = 2 " (206)
g
When = , the Gaussproblem cannot be solved becausewo collinear vectorscannot

determine a unique orbital plane and therefore a unique solution for ¥, and ¥, is not possible.

In such a case, V is calculated in the sameway asthe V for a Hohmann transfer.

The semi-mgor axis of the transfer orbit is a = (r; + rz)=2, and the speci c energyis

= (2a). The speedsat r; and r, are
S

Vi = 2 E+ — (207)

V, = 2 E+ — (208)

Although the magnitude of the velocity is de ned by the above equations,the velocity of the

spacecraftcan be freely chosen. SAMURAI calculatesthe departure and arrival velocities
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sothat the total V is minimized. The componerts of these velocities are adjusted with

Powell's method until the following value is minimized:

total v = (uti)  Uinitar )2+ (V(ti)  Vinita )2+ (W(t)  Winitial )?

q
+ (u(tf)  Utar get)2 + (V(tf)  Viar get)2 + (W(tf)  Wear get)2 (209)

where Uinitial , Vinitial » Winitial  @re the velocity componerts of the departure planet, and

Utar get, Viar get, and War get are the velocity componerts of the arrival planet.

C.6 Solving Swing-by Problems

A trajectory with a swing-by is solved basedon the method shavn previously(Sec.5.4).
Assumethat we know the following numbers from the inputs: initial position and ve-
locity of the spacecraft, position of the swing-by planet, target position and velocity of the
spacecraft,times of ight for two phases(initial planet to swing-by planet, swing-by planet
to target planet). We would like to nd the best thrust history that minimizes the fuel
consumption over an entire trajectory. Then we needto nd the best velocity vector of
the spacecraftat the erntrance of the SOI of the swing-by planet that minimizes the fuel
consumption. Once we set this velocity, fuel consumption for ead phasecan be solved.
Therefore, the velocity componerts are the parametersthat we needto optimize. In ad-
dition, the impact parameter determinesthe trajectory's characteristics. Powell's method
is usedfor the optimization to minimize the fuel consumption by changing these four pa-
rameters: u; v; w, and
Intuitiv ely, Powell's method is appropriate for this type of problem becausethere is only
one possible solution for the combination of u;v;w, and . However, Powell's method is
valid only for an unconstrained problem. As shown in Egn. 128, there is a restriction on
such that the spacecraftwill not be deceleratedby the atmosphereof the swing-by planet.
To deal with a constrained problem, while still using Powell's method, a method of

penalty function is used.

168



C.6.1 Penalty Functions

The general approadh for constrained minimization problems is to minimize the objec-
tive function as an unconstrained function but to add some penalty to limit constraint

violations[78]. The common approad is to create a pseudo-oljective function of the form
( X;k) = F(X)+ kP(X) (210)

where F (X) is the original objective function and P(X) is an imposed penalty function.
The scalar k is a multiplier which determinesthe magnitude of the penalty, and k is held
constart for a complete unconstrained minimization. There are se\eral types of penalty

functions[78].
C.6.1.1 Exterior Penalty Functions

This type of penalty function is the easiestto incorporate into the optimization process.

The exterior penalty function P (X) is given by
xXn X
P(X)=  max[0g (X)*+  [h(X)]? (211)
i=1 k=1
This meansthat no penalty is imposedif all constraints are satis ed(all gj(X) 0
and all hy(X) = 0), but whenewer one or more constraints are violated, the square of this
constraint is included in the penalty function.
We usually start with a small k and minimize ( X;k). Then increasek by a factor of
, for example = 3, and minimize again. This processcortinues until a satisfactory
result is obtained.
The disadvantage of the exterior penalty function is that it beginsfrom an infeasible

region, and the solution becomesfeasible only in the limit ask ! 1 . Therefore, if the

optimization processis stopped prematurely, the result is unusable.
C.6.1.2 Interior Penalty Functions

Unlik e exterior penalty functions, interior penalty functions start within the feasibleregion,
and ewven if the optimization is prematurely stopped, the designwill at least be feasible,

even though it may not be optimum.
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Figure 122: Example of Exterior Penalty Function [78].

A common form of this type of penalty function is

X0
P(X) = !

=1 9 (X) (212)

Using this equation and including equality constraints via the exterior penalty function of
Eqgn. 211,

xn X
(XK= FOO+ K0 o (;) sk OO (213)
j=1 k=1

The reasonwe usethe exterior penalty function for hy is that we wish to drive hy to zero.

The penalty parameter kO for the interior penalty function begins as a large positive

number and decreasesas the iterations progress,while k for the exterior penalty function
beginsas a small positive number and increases.

With this method, the function is discortinuousat the boundariesg; (X) = 0. Therefore

extreme caution must be usedin deweloping a line seart algorithm.

C.6.1.3 Linear Extendad Penalty Functions

This approad attempts to incorporate the bestfeaturesof the interior and exterior methods

for inequality constraints. For equality constraints, the exterior penalty can still be used.
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Figure 123: Example of Interior Penalty Function [78].

The linear extended penalty function hasthe following form:

P(X) = & (X) (214)
i=1
1.
where g = o) if g (X) (215)
g = 2—%"0() it g (X)> (216)

The parameter is a small negative number which marks the transition from the interior
penalty given by Eqn. 215to the extended penalty given by Eqn. 216, and the value of
is recommendedas

1 1

= C(kY? 3 2 3 (217)

where C and a are constarts and C  0:15and a 0:50 are typically used.
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C.6.1.4 Application to Swing-by problems

Among the penalty functions explained above, the method of extended penalty functions

seemsto be the most reliable. Therefore, in this researd, extended penalty functions are
applied.

The parameterto be restricted is the distance of closestapproac betweenthe spacecraft
andthe certer of the swing-by planet, r,. This parameteris boundedwith lower limit (rp .. )
and upper limit (r

pmax ). Then g and k¥ can be de ned as

gl = rpmin rp
t7) rp rpmax
k% = 1:0=(number of iterations)
C.7 Trajectory Visualization
C.7.1 Virtual

with  VRML
Realit y Mo deling Language

VRML is an acronym for the Virtual Reality Modeling Language[1(. Using VRML one
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can craft three-dimensionalvirtual worlds on the internet. With atext le asaninput le,
VRML draws many typesof objects as well as animations.

In this researt, the trajectory is drawn with VRML for easyvisualization. SAMURAI
outputs a le that isusedasa VRML input le. A three dimensionaltrajectory is drawn on
aweb browserwith the thrust direction vectorsshaown at seweral points along the tra jectory.

It is sometimesdi cult to choosethe departure date or time of ight. If a userchooses
a bad combination of these two values, the calculation will not corverge. Becausethis
drawing displays the positions of departure and arrival planets, it is helpful to determine

when to depart and what time of ight to choose.
C.7.2 Input and Output in General

Seweral simple examplesshown intro duce how VRML works.

A VRML input le must start with the line

#VRMLV2.0 utf8

The following very simple le sphere.wrl drawsa spherewith aradius of 1.0with its certer
at the origin.

#VRMLV2.0 utf8 Sphere{}
A red conewith a bottom radius of 2.0 and a height of 3.0 is:

#VRMLV2.0 utf8 Shape {
appearance Appearance {
material Material
emissiveColor 1 0 0 # red=1 green=0 blue=0

geometry Cone{
bottomRadius 2.0
height 3.0

Commert lines can be written beginning with \#" exceptfor the rst line. By grouping
a coneand a cylinder, we can make a simple houseas shown in Fig. 125. We needto move
either a coneor a cylinder with the translation = command becauseall of the shapesare
drawn with its certer at the origin unlessotherwise speci ed.

#VRMLV2.0 utf8 Group {
children [
Shape {
appearance Appearance {
material Material {
emissiveColor 0 0 1 # blue
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Figure 125: VRML Example { Simple House.

}

geometry Cone{
bottomRadius 3.0
height 2.0

Transform {
translaton 0 -2 0 # move-2 in y-direction
children  Shape {
appearance Appearance {
material Material
emissiveColor 1 1 1 # white

}

geometry Cylinder{
radius 2.0
height 3.0

By combining di erent typesof shapes,we can draw any complicated objects.

Making an Animation

VRML provides animation for position, orientation, and scale. In this resear®, we would

like to ched the movemern of the spacecraftand planets, so position animation is mostly

used. The following simple exampleis an animation of a planet's movemert. A path of the

planet is drawn, with a spherefollowing the path.

#VRMLV2.0 utf8 Group {
children [

#== Clock ==

DEFClock TimeSensor { # Define a clock.
cyclelnterval 2.0 # Twoseconds per cycle.
loop TRUE # Loop the animation.
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#== Planet ==
DEFPlanet Transform { # A sphere that moves.
children [
Shape {
appearance Appearance {
material Material {
emissiveColor 1 11

geometry Sphere { radius 0.05 }
]

== Trajectory ==
Shape {
appearance Appearance {
material Material {
emissiveColor 1 1 1 # Color of path

geometry IndexedLineSet { # Draws a line connecting
coord Coordinate { # the following points.
point [

1.000 0.000 0.000 # 0
0.951 0.309 0.000 # 1
0.809 0.588 0.000 # 2
0.588 0.809 0.000 # 3
0.309 0.951 0.000 # 4
-0.000 1.000 0.000 # 5
-0.309 0.951 0.000 # 6
-0.588 0.809 0.000 # 7
-0.809 0.588 0.000 # 8
-0.951 0.309 0.000 # 9
-1.000 0.000 0.000 # 10

]

coordindex [ # connect points 0 - 10, end with -1
: 012345678910-1

}
#== Planet's position ==
DEFPath Positioninterpolator { # Animate position

key [ # Scaled time to draw points, end with 1.0
0.0 0.1 0.2 03 04 05 0.6 0.7 0.8 09 1.0

]
keyValue [ # Points to be animated

1.000 0.000 0.000 # 0

0.951 0.309 0.000 # 1

0.809 0.588 0.000 # 2

0.588 0.809 0.000 # 3

0.309 0951 0.000 # 4

-0.000 1.000 0.000 # 5

-0.309 0.951 0.000 # 6

-0.588 0.809 0.000 # 7

-0.809 0.588 0.000 # 8

-0.951 0.309 0.000 # 9

] -1.000 0.000 0.000 # 10

}
]

ROUTE lock.fraction_changed TO Path.set_fraction # Line 1
ROUTH/Path.value_changed TO Planet.set_translation # Line 2
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The last two lines (Line 1 and Line 2) make the animation work. VRML cheds the
clock of the computer, and the clock information is brought to TimeSensor that induces
the change of fraction of Clock. The change of fraction (Clock.fraction _changedn
Line 1) is routed to Positioninterpolator , Which is de ned asPath, and setsthe fraction
of Path. Setting the fraction is notied to Line 2 as the change of value in Path, and
this information is routed to Planet. Planet then draws a sphereto the coordinates (or
keyValue) speci ed by Path. Thesetwo lines are looped and a sphereis drawn according

to the coordinates speci ed at keyValue, resulting in an animation of a moving sphere.
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APPENDIX D

\SAMURAI" CODE MANUAL

D.1 Input data

Mandatory Inputs

Variable Type Default Description

option integer { 1, VSI type I(unlimited |sp), no swing-by

2, VSI type ll(bounded I sp), no swing-by

3, CSI type I(continuous thrust), no swing-by

4, CSl type ll(bang-o -bang), no swing-by

5, High thrust, no swing by

6, VSI type I(unlimited 1sp), swing-by
7, VSI type ll(bounded | sp), swing-by

8, CSl type I(contin uous thrust), swing-by

9, CSl type ll(bang-o -bang), swing-hy

10, High thrust, swing by

jetPower real { Jet power(W) (for options1{ 4,6{ 9)
initialMass real { Initial mass(kg)
tof 1 or 2real { Time of igh t(day) (one value for options 1 { 5, two

valuesfor options 6 { 10)
Input either one of the following setsto locate the planets
(1) For actual ephemerisdata
date 6 integer { Calender date of epoch
(yyyy; mm; dd; hr; min; seg

depPlanet integer { Departure planet index
arrPlanet integer { Arriv al planet index
sbyPlanet integer { Swing-by planet index(for options 6 { 10)
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= 1, Mercury

= 2, Verus

= 3, Earth

= 4, Mars

= 5, Jupiter

= 6, Saturn

= 7, Uranus

= 8, Neptune

= 9, Pluto/Caron

(2) For user-de ned planets

initial 6real { Position(x;y;z) and velocity(u;v;w) of departure
planet
target 6real { Position(x;y;z) and velocity(u;v;w) of arrival planet

swingby 6real { Position(x;y;z) and velocity(u;v;w) of swing-by
planet(for options 6 { 10)

The following inputs are required for grid seard.

depRange 3real { Daysfrom epoch for departure date (starting, ending,
increment) (day)

tofRange  3real { Time of ight (starting, ending, incremert) (day)

tofRange2 3real { tofRange for the 2nd phase(for options 6 { 10)

Additional Inputs

Variable Type Default Description
Isp real 30,000 Specic impulse (sec)
For options 2, 3, 7, 8: maximum allowable | sp
For options 4, 9: |5, value when the engineis on
For options 5, 10: I s, value for high thrust
maxC3 2 real 0,0 Maximum Cj values at departure planet and arrival
planet(km?/s?)
rp_min  real * Minim um allowable distance of periapsisat swing-by planet

(radii of swing-by planet)(for options 6 { 10)
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rp _max real * Maximum allowable distance of periapsisat swing-by planet
(radii of swing-by planet)(for options 6 { 10)

rSOl_shby real 9.245E+05 SOl radius of swing-by planet (km) (for options 6 { 10)

TUsby real 806.812 Time unit of swing-by planet (sec) (for options 6 { 10)

DUsby real 6378.145 Distance unit of swing-by planet (km) (for options 6 { 10)

Optional Inputs

Variable Type  Default Description
timeSteps 1or 2 100, Number of time stepsfor eat leg (one value for
integer 100 options 1 { 5, two valuesfor options 6 { 10)

maxite integer 300 Maximum number of iterations for optimal control process

D.2 Executing \SAMURAI"

SAMURAI reads an input data le (e.g. INPUT.txt ) and the results are written to an
output data le (e.g. OUTPUT.tx). A VRML Ile (e.g. VRML.wrl) is also created. Users
must specify thesethree les from the command line.

> samurai INPUT.txt OUTPUT.txt VRML.wrl

The computation time strongly dependson the option (option ) and the number of time
steps(timeSteps ). If the number of time stepsis 300, approximate computation time with
Perntium 4, 1.9GHz for ead option is: lessthan 10 secfor option 1, lessthan a few minutes
for option 2, lessthan 10 minutes for option 3 and 4, and lessthan 1 secfor option 5.

It is not recommendedto conduct a grid seard for swing-by trajectories with CSI

engineswith a wide seard range becauseit may take very long time to complete.
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